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Modularity and integral points on moduli schemes
Rafael von Ka¨nel∗
Abstract
The purpose of this paper is to give some new Diophantine applications of mod-
ularity results. We use the Shimura-Taniyama conjecture to prove effective finiteness
results for integral points on moduli schemes of elliptic curves. For several fundamen-
tal Diophantine problems (e.g. S-unit and Mordell equations), this gives an effective
method which does not rely on Diophantine approximation or transcendence tech-
niques. We also combine Faltings’ method with Serre’s modularity conjecture, isogeny
estimates and results from Arakelov theory, to establish the effective Shafarevich con-
jecture for abelian varieties of (product) GL2-type. In particular, we open the way for
the effective study of integral points on certain higher dimensional moduli schemes.
1 Introduction
Starting with the key breakthroughs by Wiles [Wil95] and by Taylor-Wiles [TW95], many
authors solved important Diophantine problems on using or proving modularity results.
The purpose of this paper is to give some new Diophantine applications of modularity
results. We use the Shimura-Taniyama conjecture to prove effective finiteness results for
integral points on moduli schemes of elliptic curves. For several fundamental Diophan-
tine problems, such as for example S-unit and Mordell equations, this gives an effective
method which does not rely on Diophantine approximation or transcendence techniques.
We also combine Faltings’ method with Serre’s modularity conjecture, isogeny estimates
and results from Arakelov theory, to establish the effective Shafarevich conjecture for
abelian varieties of (product) GL2-type. In particular, we open the way for the effective
study of Diophantine equations related to integral points on certain higher dimensional
moduli schemes such as, for example, Hilbert modular varieties. In what follows in the
introduction, we describe in more detail the content of this paper.
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1.1 Integral points on moduli schemes of elliptic curves
To provide some motivation for the study of integral points on moduli schemes of elliptic
curves, we discuss in the following section fundamental Diophantine equations which are
related to such moduli schemes. For any β ∈ Q, we denote by h(β) the usual (absolute)
logarithmic Weil height of β defined for example in [BG06, p.16].
1.1.1 S-unit and Mordell equations
Let S be a finite set of rational prime numbers. We define NS = 1 if S is empty and
NS =
∏
p with the product taken over all p ∈ S otherwise. Let O× denote the units of
O = Z[1/NS ]. First, we consider the classical S-unit equation
x+ y = 1, (x, y) ∈ O× ×O×. (1.1)
The study of S-unit equations has a long tradition and it is known that many important
Diophantine problems are encapsulated in the solutions of (1.1). For example, any upper
bound for h(x) which is linear in terms of logNS is equivalent to a version of the (abc)-
conjecture. Mahler [Mah33], Faltings [Fal83b] and Kim [Kim05] proved finiteness of (1.1)
by completely different methods. Moreover, Baker’s method [Bak68c] or a method of
Bombieri [Bom93] both allow in principle to find all solutions of any S-unit equation.
We will briefly discuss the methods of Baker, Bombieri, Faltings, Kim and Mahler in
Section 7.2.1. In addition, we now point out that Frey remarked in [Fre97, p.544] that the
Shimura-Taniyama conjecture implies finiteness of (1.1). It turns out that one can make
Frey’s remark in [Fre97] effective and one obtains for example the following explicit result
(see Corollary 7.2): Any solution (x, y) of the S-unit equation (1.1) satisfies
h(x), h(y) ≤ 3
2
nS(log nS)
2 + 65, nS = 2
7NS .
(After we uploaded the present paper to the arXiv, Hector Pasten informed us about
his joint work with Ram Murty [MP13] in which they independently obtain a (slightly)
better version of the displayed height bound (see [MP13, Theorem 1.1]) by using a similar
method; we refer to the comments below Corollary 7.2 for more details. We would like to
thank Hector Pasten for informing us about [MP13].) Frey uses inter alia his construction
of Frey curves. This construction is without doubt brilliant, but rather ad hoc and thus
works only in quite specific situations. The starting point for our generalizations are the
following two observations: The solutions of (1.1) correspond to integral points on the
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moduli scheme P1Z[1/2] − {0, 1,∞}, and the construction of Frey curves may be viewed as
an explicit Parsˇin construction induced by forgetting the level structure on the elliptic
curves parametrized by the points of P1Z[1/2] − {0, 1,∞}.
We now discuss a second fundamental Diophantine equation which is related to integral
points on moduli schemes. For any nonzero a ∈ O, one obtains a Mordell equation
y2 = x3 + a, (x, y) ∈ O ×O. (1.2)
We shall see in Section 7.3 that this Diophantine equation is a priori more difficult than
(1.1). In fact the resolution of (1.2) in Z × Z is equivalent to the classical problem of
finding all perfect squares and perfect cubes with given difference, which goes back at
least to Bachet 1621. Mordell [Mor22, Mor23], Faltings [Fal83b] and Kim [Kim10] showed
finiteness of (1.2) by using completely different proofs, and the first effective result for
Mordell’s equation was provided by Baker [Bak68b]; see Section 7.3.1 where we briefly
discuss methods which show finiteness of (1.2). On working out explicitly the method
of this paper for the moduli schemes corresponding to Mordell equations, we get a new
effective finiteness proof for (1.2). More precisely, if aS = 2
835N2S
∏
pmin(2,ordp(a)) with the
product taken over all rational primes p /∈ S with ordp(a) ≥ 1, then Corollary 7.4 proves
that any solution (x, y) of (1.2) satisfies
h(x), h(y) ≤ h(a) + 4aS(log aS)2.
This inequality allows in principle to find all solutions of any Mordell equation (1.2) and it
provides in particular an entirely new proof of Baker’s classical result [Bak68b]. Moreover,
the displayed estimate improves the actual best upper bounds for (1.2) in the literature
and it refines and generalizes Stark’s theorem [Sta73]; see Section 7.3 for more details.
We observe that S 7→ Spec(Z)−S defines a canonical bijection between the set of finite
sets of rational primes and the set of non-empty open subschemes of Spec(Z). In what
follows in this paper (except Sections 7.2-7.4), we will adapt our notation to the algebraic
geometry setting and the symbol S will denote a base scheme.
1.1.2 Integral points on moduli schemes of elliptic curves
More generally, we now consider integral points on arbitrary moduli schemes of elliptic
curves. We denote by T and S non-empty open subschemes of Spec(Z), with T ⊆ S. Let
Y = M(P) be a moduli scheme of elliptic curves, which is defined over S, and let |P|T
be the maximal (possibly infinite) number of distinct level P-structures on an arbitrary
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elliptic curve over T ; see Section 3 for the definitions. We denote by Y (T ) the set of T -
points of the S-scheme Y . Let hM be the pullback of the relative Faltings height by the
canonical forget P-map, defined in (3.3). Write νT = 123
∏
p2 with the product taken over
all rational primes p not in T . We obtain in Theorem 7.1 the following result.
Theorem A. The following statements hold.
(i) The cardinality of Y (T ) is at most 23 |P|T νT
∏
(1 + 1/p) with the product taken over
all rational primes p which divide νT .
(ii) If P ∈ Y (T ), then hM (P ) ≤ 14νT (log νT )2 + 9.
If the moduli problem P is given with |P|T <∞, then the explicit upper bound for the
height hM in (ii) has the following application: In principle one can determine the abstract
set Y (T ) up to a canonical bijection; see the discussion surrounding (3.3). Part (i) gives
a quantitative finiteness result for Y (T ) provided that |P|T < ∞. In fact most moduli
schemes of interest in arithmetic, in particular all explicit moduli schemes considered in
this paper, trivially satisfy |P|T < ∞. However, any scheme over an arbitrary Z[1/2]-
scheme is a moduli scheme of elliptic curves (see Section 3) and thus there exist many
open subschemes S ⊂ Spec(Z) and moduli schemes Y over S such that Y (S) is infinite.
In addition, we show that the Shimura-Taniyama conjecture :=(ST ) allows to deal with
other classical Diophantine problems. For example, we consider cubic Thue equations, we
derive an exponential version of Szpiro’s discriminant conjecture for any elliptic curve over
Q, and we deduce an effective Shafarevich conjecture for elliptic curves over Q.
We remark that the theory of logarithmic forms gives more general versions of the
results discussed so far, see [vK13, vK]. However, the approach via (ST ) has other advan-
tages. For instance, in the two examples which we worked out explicitly, we obtained upper
bounds with numerical constants that are smaller than those coming from the theory of
logarithmic forms. Furthermore, in the forthcoming joint work with Benjamin Matschke
[vKM13], we will estimate more precisely the quantities appearing in our proofs to further
improve our final numerical constants. This will allow us to practically resolve S-unit and
Mordell equations with “small” parameters. In fact the practical resolution of these Dio-
phantine equations is still a challenging problem; see for example Gebel-Petho¨-Zimmer
[GPZ98] for partial results on Mordell’s equation. We also point out that (ST ) has in
addition the potential to find the solutions of Diophantine equations without using height
bounds. For instance, we shall see in the proof of Theorem A that integral points on moduli
schemes of elliptic curves correspond to elliptic curves over Q of bounded conductor, which
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in turn correspond by (ST ) to certain newforms of bounded level and such newforms can
be computed by Cremona [Cre97]. We refer to [vKM13] for details.
1.1.3 Principal ideas of Theorem A
We continue the notation of the previous section. Let T ⊆ S ⊆ Spec(Z) be as above and
suppose that Y = M(P) is a moduli scheme over S with |P|T < ∞. To describe our
finiteness proofs for Y (T ), we denote by M(T ) the set of isomorphism classes of elliptic
curves over T . Forgetting the level structure P induces a canonical map (see Lemma 3.1)
Y (T )→M(T ) (1.3)
which has fibers of cardinality at most |P|T < ∞. Hence to show finiteness of Y (T ), it
suffices to control M(T ). This can be done in two steps: (a) Finiteness of M(T ) up to
isogenies and (b) finiteness of each isogeny class of M(T ). Mazur-Kenku [Ken82] implies
(b), and (a) follows from (ST ) [BCDT01] which provides an abelian variety J0(νT ) over
Q of controlled dimension such that the generic fiber EQ of any [E] ∈M(T ) is a quotient
J0(νT )→ EQ. (1.4)
This leads to Theorem A (i). To prove the explicit height bounds in Theorem A (ii), it
suffices by (1.3) to control the relative Faltings height h(E) of EQ (see Section 2). We first
work out explicitly an estimate of Frey [Fre89] which relies on several non-trivial results,
including [Ken82]: If EQ is modular, then Frey estimates h(E) in terms of the modular
degree mf of the newform f associated with EQ. The theory of modular forms allows to
bound mf in terms of the level NE of f , and (ST ) says that EQ is modular. Hence one
obtains an estimate for h(E) in terms of NE, which then leads to Theorem A (ii).
To obtain upper bounds for heights on Y (T ) which are different to hM , it remains
to work out height comparisons. In the two examples discussed above, one can do this
explicitly by using explicit formulas for certain (Arakelov) invariants of elliptic curves.
We emphasize that the crucial ingredients for Theorem A are (1.3) and the “geometric”
version (1.4) of (ST ) which relies inter alia on the Tate conjecture [Fal83b]. The other tools,
such as Frey’s estimate, the theory of modular forms and the isogeny results of Mazur-
Kenku [Ken82], can be replaced by Arakelov theory and isogeny estimates; see Section
1.2.1 below. In fact the proof of Theorem A may be viewed as an application of a refined
Arakelov-Faltings-Parsˇin method to moduli schemes of elliptic curves.
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1.2 Effective Shafarevich conjecture
In 1983, Faltings [Fal83b] proved the Shafarevich conjecture [Sha62] for abelian varieties
over number fields. It is known that an effective version of the Shafarevich conjecture
would have striking Diophantine applications. For example, we show in Section 9 that the
following effective Shafarevich conjecture (ES) implies the effective Mordell conjecture for
any curve of genus at least 2, defined over an arbitrary number field.
Let S be a non-empty open subscheme of Spec(Z), and let g ≥ 1 be an integer. We
denote by hF the stable Faltings height, defined in Section 2.
Conjecture (ES). There exists an effective constant c, depending only on S and g, such
that any abelian scheme A over S of relative dimension g satisfies hF (A) ≤ c.
We mention that Conjecture (ES) is widely open if g ≥ 2 and we point out that
(ES) implies in particular the “classical” effective Shafarevich conjecture for curves over
arbitrary number fields; we refer to Section 9 for a discussion of Conjecture (ES).
Let A be an abelian scheme over S of relative dimension g. We say that A is of GL2-
type if there exists a number field F of degree [F : Q] = g together with an embedding
F →֒ End(A)⊗Z Q. Here End(A) denotes the ring of S-group scheme morphisms from A
to A. More generally, we say that A is of product GL2-type if A is isogenous to a product
of abelian schemes over S of GL2-type; see Section 8 for a discussion of abelian schemes
of product GL2-type. Write NS =
∏
p with the product taken over all rational primes p
not in S. We prove in Theorem 9.2 the following result.
Theorem B. If A is of product GL2-type, then hF (A) ≤ (3g)144gN24S .
This explicit Diophantine inequality establishes in particular the effective Shafarevich
conjecture (ES) for all abelian schemes of product GL2-type. In addition, we deduce in
Corollary 9.4 new cases of the “classical” effective Shafarevich conjecture for curves, and
we derive in Corollary 9.5 new isogeny estimates for any A of product GL2-type.
Next, we consider the set MGL2,g(S) formed by the isomorphism classes of abelian
schemes over S of relative dimension g which are of product GL2-type. We obtain in
Theorem 9.6 the following quantitative finiteness result for MGL2,g(S).
Theorem C. The cardinality of MGL2,g(S) is at most (14g)
(9g)6N
(18g)4
S .
We deduce in Corollary 9.7 explicit finiteness results for Q-isogeny classes of abelian
varieties over Q of product GL2-type. Further, we mention that Brumer-Silverman [BS96],
Poulakis [Pou00] and Helfgott-Venkatesh [HV06] established the important special case
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g = 1 of Theorem C. They used completely different arguments which in fact give a better
exponent for NS if g = 1. However, their methods crucially depend on the explicit nature
of elliptic curves and they do not allow to deal with higher dimensional abelian varieties;
see the discussion surrounding Proposition 6.4 for more details.
We remark that the above results open the way for the effective study of classes
of Diophantine equations which appear to be beyond the reach of the known effective
methods. For instance, Theorems B and C are the main tools of the joint paper with Arno
Kret [vKK]. Therein we combine these results with canonical forgetful maps in the sense
of (1.3), and we prove quantitative and effective finiteness results for integral points on
higher dimensional moduli schemes which parametrize abelian schemes of GL2-type. In
particular, we work out the case of Hilbert modular varieties.
1.2.1 Principal ideas of Theorems B and C
We continue the notation of the previous section. Let S ⊆ Spec(Z) and g ≥ 1 be as above,
and let hF be the stable Faltings height. Suppose that A is an abelian scheme over S of
relative dimension g which is of product GL2-type. Write AQ for the generic fiber of A.
To prove Theorem B we combine ideas of Faltings [Fal83b] with the following tools:
(i) If AQ is Q-simple, then it is a quotient J1(N)→ AQ of the usual modular Jacobian
J1(N) of some level N . Ribet [Rib92] deduced this statement from Serre’s modularity
conjecture [KW09] by using inter alia the Tate conjecture [Fal83b].
(ii) Isogeny estimates for abelian varieties over number fields. These estimates were
proven by the method of Faltings [Fal83b], or by the transcendence method of
Masser-Wu¨stholz [MW93, MW95]; see Section 4 for more details.
(iii) Bost’s [Bos96a] lower bound for hF in terms of the dimension, and Javanpeykar’s
[Jav13] upper bound for the stable Faltings height of Belyi curves in terms of the
Belyi degree and the genus. These results are based on Arakelov theory.
Let NA be the conductor of A, defined in Section 2.2. In the proof of Theorem B we
first consider the case when AQ is Q-simple. A result of Carayol [Car86] allows to control
the number N in (i). This together with (i)-(iii) leads to an effective bound for hF (A) in
terms of NA and g, and then in terms of NS and g since A is an abelian scheme over S.
To reduce the general case of Theorem B to the case when AQ is Q-simple, we use inter
alia Poincare´’s reducibility theorem and the isogeny estimates in (ii).
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We now describe the principal ideas of Theorem C. Following Faltings [Fal83b] we
divide our quantitative finiteness proof for MGL2,g(S) into two parts: (a) Finiteness of
MGL2,g(S) up to isogenies and (b) finiteness of each isogeny class of MGL2,g(S). To prove
(a) we use (i) and we show that any Q-simple “factor” Ai of AQ is a quotient
J1(ν)→ Ai,
where ν is an integer depending only on S and g. To show (b) we combine Theorem B
with an estimate of Masser-Wu¨stholz [MW93, MW95] for the minimal degree of isogenies
of abelian varieties which is based on transcendence theory. In fact we use here the most
recent version of the Masser-Wu¨stholz estimate, due to Gaudron-Re´mond [GR12].
We remark that results from transcendence theory are not crucial to prove Conjecture
(ES) for abelian schemes A over S of product GL2-type (resp. to effectively estimate
|MGL2,g(S)|). However, they lead to an upper bound for hF (A) (resp. for |MGL2,g(S)|)
which is exponentially (resp. double exponentially) better in terms of NS and g, than the
estimate which would follow by using the results in (ii) based on Faltings’ method.
1.3 Plan of the paper
In Section 2 we discuss properties of Faltings heights and of the conductor of abelian
varieties over number fields. In Section 3 we give Parsˇin constructions for moduli schemes
of elliptic curves and in Section 4 we collect results which control the variation of Faltings
heights in an isogeny class. In Section 5 we use the theory of modular forms to bound
the modular degree of elliptic curves over Q. We also estimate the stable Faltings heights
of certain classical modular Jacobians. Then we prove in Section 6 an explicit height
conductor inequality for elliptic curves over Q and we derive some applications. In Section
7 we give our effective finiteness results for integral points on moduli schemes of elliptic
curves. In Section 8 we prove a height conductor inequality for abelian varieties over Q of
product GL2-type. Finally, we establish in Section 9 the effective Shafarevich conjecture
(ES) for abelian schemes of product GL2-type and we deduce some applications.
We mention that the setting of certain preliminary sections will be more general than
is necessary for the proofs of the main results of this paper, since we wish also to look
ahead to future work [vK, vKK].
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1.5 Conventions and notations
We identify a nonzero prime ideal of the ring of integers OK of a number field K with the
corresponding finite place v of K and vice versa. We write Nv for the number of elements
in the residue field of v, we denote by v(a) the order of v in a fractional ideal a of K and
we write v | a (resp. v ∤ a) if v(a) 6= 0 (resp. v(a) = 0). If A is an abelian variety over K
with semi-stable reduction at all finite places of K, then we say that A is semi-stable.
Let S be an arbitrary scheme. We often identity an affine scheme S = Spec(R) with
the ring R. If T and Y are S-schemes, then we denote by Y (T ) = HomS(T, Y ) the set
of S-scheme morphisms from T to Y and we write YT = Y ×S T for the base change
of Y from S to T . Further, if A and B are abelian schemes over S, then we denote by
Hom(A,B) the abelian group of S-group scheme morphisms from A to B and we write
End(A) = Hom(A,A) for the endomorphism ring of A. Following [BLR90], we say that S
is a Dedekind scheme if S is a normal noetherian scheme of dimension 0 or 1.
By log we mean the principal value of the natural logarithm and we define the maxi-
mum of the empty set and the product taken over the empty set as 1. For any set M , we
denote by |M | the (possibly infinite) number of distinct elements of M . Let f1, f2 be real
valued functions on M . We write f1 ≪ f2 if there exists a constant c such that f1 ≤ cf2.
Finally, for any map f : R>0 → R>0, we write f1 ≪ǫ f f(ǫ)2 if for all ǫ > 0 there exists a
constant c(ǫ), depending only on ǫ, such that f1 ≤ c(ǫ)f f(ǫ)2 .
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2 Height and conductor of abelian varieties
Let K be a number field and let A be an abelian variety over K. In the first part of
this section, we recall the definition of the relative and the stable Faltings height of A,
and we review fundamental properties of these heights. In the second part, we define the
conductor NA of A and we recall useful properties of NA.
2.1 Faltings heights
We begin to define the relative and stable Faltings height of A following [Fal83b, p.354].
If A = 0 then we set h(A) = 0. We now assume that A has positive dimension g ≥ 1. Let
B be the spectrum of the ring of integers of K. We denote by A the Ne´ron model of A
over B, with zero section e : B → A. Let Ωg be the sheaf of relative differential g-forms
of A/B. We now metrize the line bundle ω = e∗Ωg on B. For any embedding σ : K →֒ C,
we denote by Aσ the base change of A to C with respect to σ. We choose a nonzero global
section α of ω. Let ‖ασ‖σ be the positive real number that satisfies
‖ασ‖2σ =
(
i
2
)g ∫
Aσ(C)
ασ ∧ ασ,
where ασ denotes the holomorphic differential form on A
σ which is induced by α. Then
the relative Faltings height h(A) of A is the real number defined by
[K : Q]h(A) = log |ω/αω| −
∑
log‖ασ‖σ
with the sum taken over all embeddings σ : K →֒ C. The product formula assures that this
definition does not depend on the choice of α. The relative Faltings height is compatible
with products of abelian varieties: If A′ is an abelian variety over K, then h(A ×K A′) =
h(A) +h(A′). To see the behaviour of h under base change we take a finite field extension
L of K. The universal property of Ne´ron models implies
h(AL) ≤ h(A). (2.1)
This inequality can be strict and thus the height h is in general not stable under base
change. To obtain a stable height we may (see [GR72]) and do take a finite extension L′
of K such that AL′ is semi-stable. The stable Faltings height hF (A) of A is defined as
hF (A) = h(AL′).
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This definition does not depend on the choice of L′, since the formation of the identity
components of the corresponding semi-stable Ne´ron models commutes with the induced
base change. In particular, inequality (2.1) becomes an equality when h is replaced by hF .
Further, we define hF (0) = 0. We shall need an effective lower bound for hF (A) in terms
of the dimension g of A. An explicit result of Bost [Bos96a] gives
− g
2
log(2π2) ≤ hF (A). (2.2)
See for example [GR13, Corollaire 8.4] and notice that hF (A) = hB(A)− g2 log π where hB
denotes the height which appears in the statement of [GR13, Corollaire 8.4].
We shall state several of our results in terms of hF or h and therefore we now briefly
discuss important differences between these heights. From (2.1) we deduce that hF (A) ≤
h(A). Further, as already observed, the height hF has the advantage over h that it is stable
under base change. On the other hand, hF has in general weaker finiteness properties. For
instance, there are only finitely many K-isomorphism classes of elliptic curves over K of
bounded h, while hF is bounded on the infinite set given by the K-isomorphism classes of
elliptic curves of any fixed j-invariant in K.
More generally, let S be a connected Dedekind scheme with field of fractions K. If A
is an abelian scheme over S, then we define the stable and relative Faltings height of A
by hF (A) = hF (AK) and h(A) = h(AK) respectively. Here AK is the generic fiber of A.
2.2 Conductor
We first define the conductor NA of an arbitrary abelian variety A over any number field
K. Let v be a finite place of K. We denote by fv the usual conductor exponent of A at v,
see for example [Ser70, Section 2.1] for a definition. The conductor NA of A is defined by
NA =
∏
Nfvv (2.3)
with the product taken over all finite places v of K. In particular, fv(0) = 0 and N0 = 1.
We now recall some useful properties of fv and NA. It holds that fv = 0 if and only if A has
good reduction at v. Furthermore, if A′ is an abelian variety over K which is K-isogenous
to A, then fv(A) = fv(A
′) and thus NA = NA′ . Finally, if A
′ is an abelian variety over K
and if C = A×K A′, then fv(C) = fv(A) + fv(A′) and hence NC = NANA′ .
We shall need an explicit upper bound for fv in terms of g = dim(A) and K. Brumer-
Kramer [BK94] obtained such a bound by refining earlier work of Serre [Ser87, Section
4.9] and of Lockhart-Rosen-Silverman [LRS93]. To state the main result of [BK94] we
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have to introduce some notation. Let p be the residue characteristic of v, let ev = v(p) be
the ramification index of v, and let n be the largest integer that satisfies n ≤ 2g/(p − 1).
We define λp(n) =
∑
irip
i for
∑
rip
i the p-adic expansion of n =
∑
rip
i with integers
0 ≤ ri ≤ p− 1. Then [BK94, Theorem 6.2] gives
fv ≤ 2g + ev
(
pn+ (p− 1)λp(n)
)
. (2.4)
Furthermore, the examples in [BK94] show that (2.4) is best possible in a strong sense.
More generally, if S is a connected Dedekind scheme with field of fractions K and if
A is an abelian scheme over S, then we define the conductor NA of A by NA = NAK .
3 Parsˇin constructions: Forgetting the level structure
Parsˇin [Par68] discovered a link between the Mordell and the Shafarevich conjecture which
is now commonly known as Parsˇin construction or Parsˇin trick. This link gives a finite
map from the set of rational points of X into the integral points of a certain moduli space,
where X is a curve of genus at least two which is defined over a number field.
In the first part of this section, we use the moduli problem formalism to obtain tauto-
logical Parsˇin constructions for moduli schemes of elliptic curves. In the second part, we
explicitly work out this idea for P1−{0, 1,∞} and once punctured Mordell elliptic curves.
This results in completely explicit Parsˇin constructions for these hyperbolic curves.
3.1 Moduli schemes
We begin to introduce some notation and terminology. Let S be an arbitrary scheme. An
elliptic curve over S is an abelian scheme over S of relative dimension one. A morphism
of elliptic curves over S is a morphism of abelian schemes over S. We denote by
M(S)
the set of isomorphism classes of elliptic curves over S. On following Katz-Mazur [KM85,
p.107], we write (Ell) for the category of elliptic curves over variable base-schemes: The
objects are elliptic curves over schemes and the morphisms are given by cartesian squares
of elliptic curves. Let (Sets) be the category of sets and let P be a contravariant functor
from (Ell) to (Sets). We say that P is a moduli problem on (Ell) and we define
|P|S = sup |P(E/S)| (3.1)
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with the supremum taken over all elliptic curves E over S. In other words, |P|S is the
maximal (possibly infinite) number of distinct level P-structures on an arbitrary elliptic
curve over S. A scheme M(P) is called a moduli scheme (of elliptic curves) if there exists
a moduli problem P on (Ell) which is representable by an elliptic curve over M(P). The
following lemma may be viewed as a tautological Parsˇin construction for moduli schemes.
Lemma 3.1. Suppose Y =M(P) is a moduli scheme, defined over a scheme S. If T is a
S-scheme, then there is a map Y (T )→M(T ) with fibers of cardinality at most |P|T .
Proof. We notice that the statement is intuitively clear, since Y (T ) is essentially the set
of elliptic curves over T with “level P-structure” and the map is essentially “forgetting
the level P-structure”. We now verify that this intuition is correct.
By assumption, there exists a contravariant functor P from (Ell) to (Sets) which
is representable by an elliptic curve over Y . Suppose E and E′ are elliptic curves over
a scheme Z, with α ∈ P(E) and α′ ∈ P(E′). Then the pairs (E,α) and (E′, α′) are
called isomorphic if there exists an isomorphism ϕ : E → E′ of objects in (Ell) with
P(ϕ)(α′) = α. Let F (Z) be the set of isomorphism classes of such pairs (E,α). Then
Z 7→ F (Z) defines a contravariant functor from the category of schemes to (Sets), which
is representable by Y since P is representable by an elliptic curve over Y . Thus we obtain
an inclusion Y (T ) →֒ F (T ), which composed with
F (T )→M(T ) : [(E,α)] 7→ [E]
gives a map Y (T ) → M(T ). Suppose {[(Ei, αi)], 1 ≤ i ≤ n} is the fiber of this map over
a point in M(T ). Then all Ei are isomorphic objects of (Ell). Therefore, after applying
suitable isomorphisms of objects in (Ell), we may and do assume that all Ei coincide.
This shows that n ≤ |P|T and then we conclude Lemma 3.1.
We call the map constructed in Lemma 3.1 the forget P-map. To discuss some fairly
general examples of moduli schemes we consider an arbitrary scheme Y . If there exists an
elliptic curve E over Y , then Y = M(P) is a moduli scheme with P = Hom(Ell)(−, E).
This shows in particular that any Z[1/2]-scheme Y is a moduli scheme, since there exists
an elliptic curve A over Z[1/2] and the base change AY is an elliptic curve over Y . Next,
we discuss a classical example of a moduli problem. Let N ≥ 1 be an integer and consider
the “naive” level N moduli problem PN from (Ell) to (Sets), defined by
E/S 7→ {S-group-scheme isomorphisms (Z/NZ)2=˜E[N ]}.
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Here we view (Z/NZ)2 as a constant S-group-scheme and E[N ] is the kernel of the S-
homomorphism “multiplication by N” on the elliptic curve E over S. If PN (E/S) is
non-empty and if S is connected, then we explicitly compute
PN (E/S) ∼= {Z/NZ-bases of (Z/NZ)2}. (3.2)
If N ≥ 3 then [KM85, Corollary 4.7.2] gives that PN is a representable moduli problem
on (Ell), with moduli scheme Y (N) =M(PN ) a smooth affine curve over Spec(Z[1/N ]).
In the remaining of this section, we give two propositions. Their proofs consist essen-
tially of working out explicitly Lemma 3.1 for particular moduli schemes, see the remarks
given below the proofs of Propositions 3.2 and 3.4 respectively.
3.2 Explicit constructions
We introduce and recall some notation. Let K be a number field and write B for the
spectrum of the ring of integers OK of K. In the remaining of this section, we denote by
S → B
either a non-empty open subscheme of B or the spectrum of the function field K of B and
we write O = OS(S). Let E be an elliptic curve over S. We denote by h(E) and by hF (E)
the relative and the stable Faltings height of the generic fiber EK of E respectively, see
Section 2 for the definitions. Let NE be the conductor of EK defined in Section 2.2 and
let ∆E be the norm from K to Q of the usual minimal discriminant ideal of EK over K.
We observe that h(E), hF (E), NE and ∆E define real valued functions on M(S).
Let Y = M(P) be a moduli scheme defined over S, let T be a non-empty open
subscheme of S and let φ : Y (T ) → M(T ) be the forget P-map from Lemma 3.1. On
pulling back the relative Faltings height h by φ, we get a height hM on Y (T ) defined by
hM (P ) = h(φ(P )), P ∈ Y (T ). (3.3)
The height hM has the following properties: If |P|T < ∞, then Lemma 3.1 together
with Lemma 3.5 below shows that there exist only finitely many P ∈ Y (T ) with hM (P )
bounded. Furthermore, if P is given with |P|T <∞, then the proof of Lemma 3.1 together
with Lemma 3.5 below implies that one can in principle determine, up to a canonical
bijection, the set of points P ∈ Y (T ) with hM (P ) effectively bounded.
Let DK be the absolute value of the discriminant of K over Q, let d = [K : Q] be the
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degree of K over Q and let hK be the cardinality of the class group of B. We define
NT =
∏
Nv
with the product taken over all v ∈ B − T ; notice that NT = ∞ if S = T = Spec(K).
Further, we say that any nonzero β ∈ K is invertible on T if β and β−1 are both in OT (T ).
For any vector β with coefficients in K, we denote by h(β) the usual absolute logarithmic
Weil height of β which is defined in [BG06, 1.5.6].
3.2.1 S-unit equations
We continue the notation introduced above and we now give an explicit Parsˇin construction
for “S-unit equations”. The solutions of such equations correspond to S-points of
P1S − {0, 1,∞} = Spec(O[z, 1/(z(1 − z))]).
To simplify notation we write X = P1S − {0, 1,∞}. For any P ∈ X(S), we define h(P ) =
h(z(P )).1 We say that a map of sets is finite if all its fibers are finite.
Proposition 3.2. Suppose that T is an open subscheme of S, with 2 invertible on T .
Then there exists a finite map φ : X(S)→M(T ) with the following properties.
(i) Suppose P ∈ X(S) and [E] = φ(P ). Then it holds NE ≤ 26d35dN2T and
h(P ) ≤ 6hF (E) + 3 log
(
max(1, hF (E))
)
+42.
(ii) There is an elliptic curve E′ over K that satisfies hF (E
′) = hF (E) and
NE′ ≤ 27d35dDhK−1K NT .
(iii) If B has trivial class group, then E′ extends to an elliptic curve over T
and NE′ | 27dNT . If K = Q, then h(P ) ≤ 6h(E′) + 11.
In this article, we shall use Proposition 3.2 only for one dimensional S and T . However,
the height inequalities obtained in this proposition may be also of interest for S = T =
Spec(K). We mention that the number 6 in these height inequalities is optimal.
To prove Proposition 3.2 we shall use inter alia the following lemma.
Lemma 3.3. If E is an elliptic curve over S, then log ∆E ≤ 12d(h(E) + 4/3).
1If Z is an affine S-scheme, P ∈ Z(S) and f ∈ OZ(Z), then f(P ) ∈ O denotes the image of f under
the ring morphism OZ(Z)→ O which corresponds to P : S → Z.
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Proof. For any embedding σ : K →֒ C, we take τσ ∈ C such that the base change of EK to
C with respect to σ takes the form C/(Z + τσZ) and such that im(τσ) ≥
√
3/2. We write
q = exp(2πiτσ) and ∆(τσ) = q
∏∞
n=1(1− qn)24. From [Sil86, Proposition 1.1] we get
log∆E = 12dh(E) +
∑
log
∣∣(2π)12∆(τσ)im(τσ)6∣∣
with the sum taken over all embeddings σ : K →֒ C. Here |·| denotes the complex absolute
value. Further, on using the elementary inequalities log |∆(τσ)/q| ≤ 24 |q| /(1 − |q|) and
|q| ≤ exp(−π√3), we deduce the estimate
log
∣∣(2π)12∆(τσ)im(τσ)6∣∣ ≤ 16. (3.4)
This together with the displayed formula for log∆E implies the statement.
We remark that the proof shows in addition that Faltings’ delta invariant δ(EC) [Fal84,
p.402] of a compact connected Riemann surface EC of genus one satisfies
δ(EC) ≥ −9.
Indeed, this follows directly from (3.4) and Faltings’ explicit formula [Fal84, Lemma c),
p.417] for δ(EC). We mention that it is an important open problem to obtain explicit
lower bounds, in terms of the genus, for the Faltings delta invariant of compact connected
Riemann surfaces of arbitrary positive genus.
We shall need an estimate for the conductor. If v is a closed point of B and if fv
denotes the conductor exponent at v of an elliptic curve over K (see Section 2.2), then
fv ≤ 2 + 6v(2) if v | 2 and fv ≤ 2 + 3v(3) if v | 3. (3.5)
This follows directly from the result of Brumer-Kramer which we stated in (2.4).
Proof of Proposition 3.2. We observe that ifX(S) is empty, then all statements are trivial.
Hence we may and do assume that X(S) is not empty. We denote by Y the spectrum of
Z[λ, 1/(2λ(1 − λ))] for λ an “indeterminate”. Then we observe that
y2 = x(x− 1)(x− λ)
defines an (universal) elliptic curve E over Y . We take P ∈ X(S). On using that YT ∼= XT ,
we obtain a morphism T → YT induced by P . Let E be the fiber product of EYT → YT
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with this morphism T → YT . Then E is an elliptic curve over T and therefore we see that
P 7→ [E]
defines a map φ : X(S)→M(T ). If P ′ ∈ X(S) satisfies φ(P ) = φ(P ′), then it follows that
z(P ′) = (z1 − z2)/(z3 − z2) with pairwise distinct z1, z2, z3 ∈ {0, 1, z(P )}. Thus φ is finite.
We now prove (i). In what follows we write λ for z(P ) to simplify notation. The
j-invariant j of the generic fiber EK of E satisfies
j = 28
(λ2 − λ+ 1)3
(λ2 − λ)2 .
This implies that 2v(λ) = v(j) − 8v(2) for any finite place v of K with v(λ) ≤ −1 and
that |σ(λ)|2 ≤ |σ(j)| for any embedding σ : K →֒ C with |σ(λ)| ≥ 2, where |·| denotes the
complex absolute value. We deduce
h(P ) ≤ h(j)/2 + 5 log 2.
Furthermore, Pellarin’s [Pel01, p.240] explicit calculation of the constant in Silverman’s
[Sil86, Proposition 2.1] leads to
h(j) ≤ 12hF (E) + 6 log
(
max(1, hF (E))
)
+75.84. (3.6)
This implies an upper bound for h(P ) as stated in (i). Next, we prove the claimed estimate
for the conductor NE of E. This estimate holds trivially if T = Spec(K), and we now
assume that T 6= Spec(K). In what follows we denote by v a closed point of B. Let fv
be the conductor exponent of EK at v. If v ∈ T , then EK has good reduction at v, since
E → T is smooth and projective, and we obtain fv = 0. Thus the estimates in (3.5) for
fv if v | 6 combined with fv ≤ 2 if v ∤ 6 lead to an upper bound for NE as stated in (i).
To show (ii) we observe that the statement is trivial if T = Spec(K). Hence we may
and do assume that T 6= Spec(K). As in the proof of [vK12, Lemma 4.1], we see that
Minkowski’s theorem gives an open subscheme U of B with the following properties.
There are at most hK −1 points in B−U , any v ∈ B−U satisfies N2v ≤ DK and the class
group of U is trivial. Then we may and do take coprime elements l,m ∈ OU (U) such that
λ = l/m.
Let E′ be an elliptic curve over K defined by the Weierstrass equation y2 = x(x−l)(x−m).
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We observe that E′ is geometrically isomorphic to EK . This implies that the j-invariant
of E′ coincides with j and hF (E
′) = hF (E). We now prove the claimed estimate for
the conductor NE′ of E
′. Let ∆ and c4 be the usual quantities associated to the above
Weierstrass equation of E′, see [Sil09, p.42]. They take the form
∆ = 24(lm(l −m))2 and c4 = 24((l −m)2 + lm).
Let f ′v be the conductor exponent of E
′ at v. First, we assume that v ∈ U with v ∤ 2. If
v(∆) ≥ 1, then it follows that v(c4) = 0, since l,m ∈ OU (U) are coprime and v ∤ 2. This
implies that the above Weierstrass equation is minimal at v and then [Sil09, p.196] proves
that E′ is semi-stable at v. We conclude f ′v ≤ 1. Next, we assume v ∈ U ∩ T . In the proof
of (i) we showed fv = 0. This implies that f
′
v = 0, since EK is geometrically isomorphic
to E′ and E′ is semi-stable at v. On combining the above observations, we deduce
NE′ ≤ 2−dNT
∏
Nf
′
v
v
with the product taken over all v ∈ B such that v ∈ B − U or v | 2. Therefore, on using
the properties of U , we see that the estimates in (3.5) for f ′v if v | 6 combined with f ′v ≤ 2
if v ∤ 6 imply an upper bound for NE′ as claimed in (ii).
It remains to prove (iii). We notice that the first assertion of (iii) is trivial if T =
Spec(K). If B has trivial class group, then we can take U = B in the proof of (ii): It
follows that f ′v = 0 for any closed point v ∈ T and that
NE′ ≤ 2−dNT
∏
N2+6v(2)v
with the product taken over all v ∈ B with v | 2. This shows that E′ is the generic
fiber of an elliptic curve over T and that NE′ ≤ 27dNT . If K = Q, then we obtain that
h(P ) ≤ 1/2 log|∆|− 2 log 2, and [Sil09, p.257] shows that |∆| ≤ 212∆E′. Therefore Lemma
3.3 proves (iii). This completes the proof of Proposition 3.2.
We remark that the elliptic curve E over Y , which appears in the above proof, represents
the moduli problem P = [Legendre] on (Ell) defined in [KM85, p.111]. The moduli scheme
Y is defined over Spec(Z[1/2]). If 2 is invertible on S and if T = S, then it follows that
X(S) = Y (S) and that the map φ : X(S) → M(T ) in Proposition 3.2 coincides with the
map Y (T )→M(T ) in Lemma 3.1. However, to get our explicit inequalities in Proposition
3.2 it is necessary to take into account the particular shape of P = [Legendre].
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3.2.2 Mordell equations
We continue the notation introduced above and we now give an explicit Parsˇin construction
for Mordell equations. For any nonzero a ∈ O, we obtain that
Z = Spec
(O[x, y]/(y2 − x3 − a))
defines an affine Mordell curve over S. To state our next result we have to introduce some
additional notation. If P ∈ Z(S) then we write h(P ) = h(x(P )). Let RK be the regulator
of K and let rK be the rank of the free part of the group of units O×K of OK . We define
κ = log(DK)/2d + 79RK(rK !)r
3/2
K log d,
and we observe that κ = 0 when K = Q. The origin of the constant κ shall be explained
below Lemma 3.5. To measure the number a ∈ O, we use inter alia the quantity
r2(a) =
∏
Nmin(2,v(a))v
with the product taken over all closed points v ∈ S with v(a) ≥ 1. We observe that
log r2(a) ≤ dh(a) and if a ∈ OK , then r2(a) ≤ NK/Q(a) for NK/Q the norm from K to Q.
Proposition 3.4. Suppose that T is an open subscheme of S, with 6a invertible on T .
Then there is a map φ : Z(S)→M(T ) with the following properties.
(i) The map φ is finite. Furthermore, if ±1 are the only 12th roots of unity
in K, then φ is injective.
(ii) Suppose P ∈ Z(S) and [E] = φ(P ). Then it holds NE ≤ 26d33dN2T and
h(P ) ≤ 13h(a) + 8h(E) + 2 log
(
max(1, hF (E))
)
+8κ+ 36.
(iii) If, in addition, T = Spec(O[1/(6a)]), then NE ≤ 28d35dDKN2Sr2(a).
To prove Proposition 3.4 we shall use a lemma which relates heights of elliptic curves.
We recall that EK denotes the generic fiber of an elliptic curve E over S. Let W be a
Weierstrass model of EK over B with discriminant ∆W , see for example [Liu02, Section
9.4.4] for a definition of W and ∆W . To measure W we take the height
h(W ) =
1
12
inf
ǫ∈O×
K
h(ǫ12c34, ǫ
12c26), (3.7)
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where c4 and c6 are the usual quantities of a defining Weierstrass equation of W , see
[Sil09, p.42]. It turns out that the definition of h(W ) does not depend on the choice of the
defining Weierstrass equation of W . We obtain the following lemma.
Lemma 3.5. Suppose that E is an elliptic curve over S. Then there exists a Weierstrass
model W of EK over B that satisfies
h(W ) ≤ h(E) + 1
2
log (max(1, hF (E))) + κ+ 7.
If K = Q, then this lemma would follow on calculating the constants in Silverman’s
[Sil86, Proposition 2.1, Corollary 2.3]. However, the proof of [Sil86, Corollary 2.3] does
not generalize directly to arbitrary K, since it uses that the ring of integers of Q has class
number one and unit group {±1}. To deal with arbitrary K we apply a classical theorem
of Minkowski and a result which is based on estimates for certain fundamental units of
OK . This leads to a dependence of the constant κ on DK , d and on RK , rK , d.
Proof of Lemma 3.5. On combining [Sil09, p.264] with a classical result of Minkowski, we
obtain a Weierstrass model W of EK over B of discriminant ∆W such that
∆WOK = a12D (3.8)
for D the minimal discriminant ideal of EK and a ⊆ OK an ideal with NK/Q(a)2 ≤ DK .
For any nonzero β ∈ OK , an application of [GY06, Lemma 3]2 with n = 12 gives ǫ ∈ O×K
such that dh(ǫ12β) ≤ logNK/Q(β) + 12dκ− 6 log(DK). Hence, on using (3.8), we obtain a
defining Weierstrass equation of W , with quantities c4, c6 and discriminant ∆, such that
dh(∆) ≤ log ∆E + 12dκ. (3.9)
We write ∆E = ∆1∆2 with ∆1 = exp
(
12d(h(E) − hF (E))
)
the “unstable discriminant”
and ∆2 = ∆E∆
−1
1 the d-th power of the “stable discriminant”. Let j be the j-invariant of
EK . Since c4, c6 ∈ OK satisfy c26 = c34 − 1728∆ and j = c34/∆, we see
dh(c34, c
2
6) = log
∏(
|∆|σmax(|j|σ , |j − 1728|σ , |∆|−1σ )
)
,
and Kodaira-Ne´ron [Sil09, p.200] gives dh(j) = log∆2+
∑
max(1, |j|σ). Here the product
and the sum are both taken over all embeddings σ : K →֒ C and |β|σ denotes the complex
absolute value of σ(β) for β ∈ K. Then, on splitting the product according to |∆|−1σ >
2This result relies on estimates for certain fundamental units of OK .
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|j|σ + 1728 and |∆|−1σ ≤ |j|σ + 1728, we deduce from (3.9) the estimate
h(c34, c
2
6) ≤ log∆1/d+ h(j) + 12κ + log(2 · 1728).
Hence, on combining 12h(W ) ≤ h(c34, c36), (3.6) and log∆1+12dhF (E) = 12dh(E), we see
that W has the desired property. This completes the proof of Lemma 3.5.
The proof shows in addition that one can take in Lemma 3.5 any Weierstrass model
W of EK over B with NK/Q(∆W ) ≤ D6K∆E. A defining Weierstrass equation of such a
W is called a quasi-minimal Weierstrass equation of EK , see [Sil09, p.264].
Proof of Proposition 3.4. If Z(S) is empty, then all statements are trivial. Hence we may
and do assume that Z(S) is not empty. We write b = −a/1728. Let Y be the spectrum of
Z[1/6, c4, c6, b, 1/b]/(1728b − c34 + c26) for c4 and c6 “indeterminates”. We observe that
t2 = s3 − 27c4s− 54c6
defines an (universal) elliptic curve E over Y . We take P ∈ Z(S). On using that YT ∼= ZT ,
we obtain a morphism T → YT induced by P . We denote by E the fiber product of
EYT → YT with this morphism T → YT . It follows that E is an elliptic curve over T and
then P 7→ [E] defines a map φ : Z(S)→M(T ).
To prove (i) we observe that E is a Weierstrass model of its generic fiber EK . Hence
we see that if P ′ ∈ Z(S) satisfies φ(P ′) = φ(P ), then there is u ∈ K with u4x(P ′) = x(P )
and u6y(P ′) = y(P ), and thus u12a = a since P,P ′ ∈ Z(S). Therefore we deduce (i).
We now show (ii). Let W be the Weierstrass model of EK over B from Lemma 3.5.
We denote by ∆, c4, c6 the quantities of a defining Weierstrass equation of W , which we
constructed in the proof of Lemma 3.5. We point out that one should not confuse these
c4, c6 ∈ OK with the “indeterminates” which appear in the proof of (i). On using that E
is a Weierstrass model of EK over T , we see that there exists u ∈ K that satisfies
b = u12∆, x(P ) = u4c4.
Thus Lemma 3.5, (3.9) and Lemma 3.3 lead to an upper bound for h(P ) as stated in (ii).
To estimate the conductor NE of E we take a closed point v of B. Let fv be the conductor
exponent of EK at v. If v ∈ T , then fv = 0 since E is a smooth projective model of EK
over T , and if v ∤ 6, then fv ≤ 2. Thus (3.5) implies an estimate for NE as claimed in (ii).
To prove (iii) we may and do assume that T = Spec(O[1/(6a)]). Let U (resp. U ′)
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be the set of points v ∈ S − T with v ∤ 6 such that EK has (resp. has not) semi-stable
reduction at v. We define Ω =
∏
v∈U Nv and Ω
′ =
∏
v∈U ′ N
2
v and then we deduce
NE ≤ 28d35dN2S · Ω · Ω′.
To control the unstable part Ω′ we may and do assume that U ′ is not empty. We take
v ∈ U ′. The classification of Kodaira-Ne´ron [Sil09, p.448] gives v(∆) ≥ 2. Since P ∈ Z(S)
we see that E extends to a Weierstrass model of EK over S, with discriminant 6
12b. Hence,
if W is minimal at v, then 2 ≤ v(∆) ≤ v(b) = v(a). Further, (3.8) implies ∏N2v ≤ DK
with the product taken over all closed points v ∈ B withW not minimal at v. We conclude
Ω′ ≤ DK
∏
N2v
with the product taken over all v ∈ U ′ such that v(a) ≥ 2. To estimate the stable part
Ω we use our assumption that T = Spec(O[1/(6a)]). This assumption implies that any
v ∈ S − T with v ∤ 6 satisfies v(a) ≥ 1. Therefore we obtain
Ω ≤
∏
Nv
with the product taken over all v ∈ U such that v(a) ≥ 1. On combining the displayed
inequalities, we deduce (iii). This completes the proof of Proposition 3.4.
We conclude this section with the following remarks. The elliptic curve E over Y , which
appears in the proof of Proposition 3.4, represents a moduli problem [∆ = b] on (Ell).
Here the moduli problem [∆ = b] is defined similarly as [∆ = 1] in [KM85, p.70], but with
1 replaced by the number b which appears in the proof of Proposition 3.4.
The above propositions show that to solve S-unit and Mordell equations, it suffices to
estimate effectively h(E) in terms of NE for any elliptic curve E over K. In this paper we
shall prove such estimates for K = Q, see [vK] for arbitrary number fields K.
In the special case of S-unit and Mordell equations, it is possible to give ad hoc
Parsˇin constructions which do not use the moduli problem formalism. For example, “Frey-
Hellegoarch curves” provide in principle such a construction for S-unit equations. However,
using the moduli problem formalism gives more conceptual constructions, which generalize
several known examples such as “Frey-Hellegoarch curves”.
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4 Variation of Faltings heights under isogenies
In this section, we collect results which control the variation of Faltings heights under
isogenies. These results are rather direct consequences of theorems in the literature.
Let K be a number field and let A be an abelian variety over K of dimension g ≥ 1.
We denote by hF (A) the stable Faltings height of A and by h(A) the relative Faltings
height of A, see Section 2 for the definitions. The results of Faltings [Fal83b, Lemma 5]
and Raynaud [Ray85, Corollaire 2.1.4] provide that any K-isogeny ϕ : A→ A′ of abelian
varieties over K satisfies
|h(A) − h(A′)| ≤ 1
2
log deg(ϕ). (4.1)
Let NA be the conductor of A defined in Section 2.2, let DK be the absolute value of the
discriminant of K over Q and let d = [K : Q] be the degree of K over Q.
Lemma 4.1. Suppose A′ is an abelian variety defined over K which is K-isogenous to A.
Then the following statements hold.
(i) There exists an effective constant µ, depending only on g,NA, d and DK , such that
|hF (A)− hF (A′)| ≤ µ.
(ii) If K = Q and g = 1, then |h(A) − h(A′)| ≤ 12 log 163.
(iii) Suppose K = Q and A is semi-stable. Then any abelian subvariety C of A satisfies
h(C) ≤ h(A) + g2 log(8π2).
The main ingredients for the proof of this lemma are as follows. Raynaud [Ray85]
proved Lemma 4.1 (i) for semi-stable abelian varieties. His proof relies on refinements of
certain arguments in Faltings [Fal83b]; these refinements are due to Parsˇin and Zarhin. To
prove (i) we reduce the problem to the semi-stable case established in [Ray85]. For this re-
duction we use the semi-stability criterion of Grothendieck-Raynaud [GR72], the criterion
of Ne´ron-Ogg-Shafarevich [ST68] and Dedekind’s discriminant theorem. To show (ii) we
combine the inequality (4.1) with Mazur’s [Maz78] classification of cyclic Q-isogenies of
elliptic curves over Q, see also Kenku [Ken82]. We deduce (iii) from Bost’s explicit lower
bound for hF in (2.2) and a result of Ullmo-Raynaud given in [Ull00, Proposition 3.3].
Proof of Lemma 4.1. To prove (i) we let L = K(A[15]) be the field of definition of the
15-torsion points of A. The semi-stable reduction criterion [GR72, Proposition 4.7] shows
that AL is semi-stable. Let DL be the absolute value of the discriminant of L over Q and
let l be the relative degree of L over K. We denote by T the set of finite places of L where
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AL has bad reduction. Let ℓ and ℓ
′ be the smallest rational primes such that any place
in T has residue characteristic different to ℓ and ℓ′. An application of [Ray85, The´ore`me
4.4.9] with the L-isogenous abelian varieties AL and A
′
L implies
|hF (AL)− hF (A′L)| ≤ µ′ (4.2)
for µ′ an effective constant depending only on DL, l, d, |T |, ℓ, ℓ′ and g. We now estimate
these quantities effectively in terms of g,NA, d and DK . The criterion of Ne´ron-Ogg-
Shafarevich [ST68, Theorem 1] implies that L = K(A[15]) is unramified over all finite
places v of K such that v ∤ 15 and such that A has good reduction at v. Thus [vK13,
Lemma 6.2], which is based on Dedekind’s discriminant theorem, gives
DL ≤ (DKNA)l(15lt+2d)ld
for t the number of finite places of K where A has bad reduction. It holds |T | ≤ lt, and it
is known that l can be explicitly controlled in terms of g (see [GR72]). Further, the explicit
prime number theorem in [RS62] gives effective upper bounds for t, ℓ and ℓ′ in terms of
NA. We conclude that µ
′ is bounded from above by an effective constant µ which depends
only on g,NA, d and DK . Then (4.2) and the stability of hF prove (i).
To show (ii) we assume that K = Q and g = 1. Let ϕ : A → A′ be a Q-isogeny of
minimal degree among all Q-isogenies A→ A′. This isogeny ϕ is cyclic, since otherwise it
factors through multiplication by an integer which contradicts the minimality of deg(ϕ).
Therefore [Ken82, Theorem 1] gives deg(ϕ) ≤ 163 and then (4.1) implies (ii).
To prove (iii) we assume that K = Q and that A is semi-stable. Let C be an abelian
subvariety of A. Then there exists a short exact sequence
0→ C → A→ D → 0
of abelian varieties over Q. The semi-stability of A provides that C and D are semi-stable
as well, see for example [BLR90, p.182]. Therefore [Ull00, Proposition 3.3] implies that
h(C) ≤ h(A) − h(D) + g log 2 and then the lower bound for h(D) given in (2.2) leads to
statement (iii). This completes the proof of Lemma 4.1.
We point out that Faltings’ proof of the Tate conjecture, and its refinement due
to Parsˇin-Zarhin-Raynaud [Ray85] which is applied in Lemma 4.1 (i), both do not use
Diophantine approximation or transcendence techniques. On the other hand, Masser-
Wu¨stholz [MW93] gave a new proof of the Tate conjecture on using their isogeny es-
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timates which rely on transcendence theory. Bost-David (see for example [Bos96b, p.121])
showed that these isogeny estimates are effective, and completely explicit constants are
given by Gaudron-Re´mond [GR12]. For example, if A′ is an abelian variety over K which
is K-isogenous to A, then [GR12, The´ore`me 1.4] combined with (4.1) gives
|h(A) − h(A′)| ≤ 210g3 log((14g)64g2dmax(hF (A), log d, 1)2). (4.3)
We remark that on calculating the constant µ in Lemma 4.1 (i) explicitly, it turns out
that Lemma 4.1 (i) improves (4.3) in some cases, and vice versa in other cases.
5 Modular forms and modular curves
In the first part of this section, we collect results from the theory of cusp forms. In the
second part, we work out an explicit upper bound for the modular degree of newforms
with rational Fourier coefficients. In the third part, we give explicit upper bounds for the
stable Faltings heights of the Jacobians of certain classical modular curves.
5.1 Cusp forms
We begin to collect results for cusp forms which are given, for example, in the books of
Shimura [Shi71] or Diamond-Shurman [DS05]. We take an integer N ≥ 1 and we consider
the classical congruence subgroup Γ0(N) ⊂ SL2(Z). Let S2(Γ0(N)) be the complex vector
space of cusp forms of weight 2 with respect to Γ0(N). We denote by X0(N) and X(1)
smooth, projective and geometrically connected models over Q of the modular curves
associated to Γ0(N) and SL2(Z) respectively. Throughout Section 5 we denote by d the
degree of the natural projection X0(N) → X(1). The dimension of S2(Γ0(N)) coincides
with the genus g of X0(N). Furthermore, it holds
g ≤ d/12 and d = N
∏
(1 + 1/p) if N ≥ 2 (5.1)
with the product taken over all rational primes p which divide N . Let f ∈ S2(Γ0(N)) be
a nonzero cusp form. If div(f) denotes the usual rational divisor on X0(N)C of f , then
deg(div(f)) = d/6 (5.2)
for deg(div(f)) ∈ Q the degree of div(f). For any integer n ≥ 1, we denote by an(f) the
n-th Fourier coefficient of f . We say that f is normalized if a1(f) = 1.
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We next review properties of the basis of S2(Γ0(N)) constructed by Atkin-Lehner
in [AL70, Theorem 5]. Let S2(Γ0(N))
new be the new subspace of S2(Γ0(N)) and let
S2(Γ0(N))
old be the old subspace of S2(Γ0(N)). There is a decomposition
S2(Γ0(N)) = S2(Γ0(N))
new ⊕ S2(Γ0(N))old
which is orthogonal with respect to the Petersson inner product (· , ·) on S2(Γ0(N)). We
say that f is a newform of level N if f ∈ S2(Γ0(N))new is normalized and if f is an
eigenform for all Hecke operators on S2(Γ0(N)). The set Bnew of newforms of level N is
an orthogonal basis of S2(Γ0(N))
new with respect to (· , ·). Moreover, there exists a basis
Bold of S2(Γ0(N))old with the property that any f ∈ Bold takes the form
f(τ) = fM(mτ), τ ∈ C, im(τ) > 0 (5.3)
with M ∈ Z≥1 a proper divisor of N , with m ∈ Z≥1 a divisor of N/M and with fM a
newform of level M . Conversely, any f ∈ S2(Γ0(N)) which is of the form (5.3) is in Bold.
We say that B = Bnew ∪ Bold is the Atkin-Lehner basis for S2(Γ0(N)).
5.2 Modular degree
Let f ∈ S2(Γ0(N)) be a newform of level N ≥ 1, with all Fourier coefficients rational
integers. In this section, we estimate the modular degree of f in terms of N .
We begin with the definition of the modular degree mf of f . Let J0(N) = Pic
0(X0(N))
be the Jacobian variety of X0(N). We denote by TZ the subring of the endomorphism ring
of J0(N), which is generated over Z by the usual Hecke operators Tn for all n ∈ Z≥1.
Let If be the kernel of the ring homomorphism TZ → Z[{an(f)}] which is induced by
Tn 7→ an(f). The image IfJ0(N) of J0(N) under If is connected and the quotient
Ef = J0(N)/IfJ0(N) (5.4)
is an abelian variety over Q of dimension [Q({an(f)}) : Q] = 1. The cusp∞ of X0(N) is a
Q-rational point of X0(N). We denote by ι : X0(N) →֒ J0(N) the usual embedding over
Q, which maps the cusp ∞ to the zero element of J0(N). On composing the embedding ι
with the natural projection J0(N)→ J0(N)/IfJ0(N), we obtain a finite morphism
ϕf : X0(N)→ Ef .
The modular degree mf of f is defined as the degree of the finite morphism ϕf .
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To estimate mf we shall use properties of the congruence number rf of f . We recall
that rf is the largest integer such that there exists a cusp form fc ∈ S2(Γ0(N)), with
rational integer Fourier coefficients, which satisfies
(f, fc) = 0 and an(f) ≡ an(fc) mod (rf ), n ≥ 1. (5.5)
It is known that the modular degree mf and the congruence number rf are related. For
example, the arguments in Zagier’s article [Zag85, Section 5] give
mf | rf . (5.6)
We note that Zagier’s arguments are based on ideas of Ribet, see [Rib83] and the refer-
ences therein. In fact Zagier [Zag85, p.381] attributes the divisibility result (5.6) to Ribet.
Further, we mention that Cojocaru-Kani [CK04, Theorem 1.1] gave a detailed exposition
of a proof of (5.6) and Agashe-Ribet-Stein generalized (5.6) in [ARS12, Theorem 3.6].
For any real number r, we define ⌊r⌋ = max(m ∈ Z,m ≤ r), and for any integer n, we
denote by τ(n) the number of positive integers which divide n. The author is grateful to
Richard Taylor for proposing a first strategy to prove an upper bound for mf .
Lemma 5.1. Let N ≥ 1 be an integer. Suppose f ∈ S2(Γ0(N)) is a newform of level N ,
with all Fourier coefficients rational integers. Then the following statements hold.
(i) The modular degree mf of f satisfies logmf ≤ 12N(logN)2.
(ii) More precisely, let g be the genus of X0(N) and let d be the degree of the natural
projection X0(N) → X(1). Then there exists a subset J ⊂ {1, . . . , ⌊d/6 + 1⌋} of
cardinality g, which is independent of f , such that mf ≤ g!
∏
j∈J τ(j)j
1/2.
Proof. We first show (ii). It follows from (5.6) that mf ≤ rf . To estimate rf we reduce the
problem to solve (by Cramer’s rule) explicitly a system of linear Diophantine equations.
Let I = {1, . . . , g}, let J be a finite non-empty set of positive integers and put δ = |J |.
We write l = ⌊d/6 + 1⌋ and we denote by B = {fi, i ∈ I} the Atkin-Lehner basis for
S2(Γ0(N)), see Section 5.1. To show that the linear morphism F (J) = (aj(fi)) : C
δ → Cg
is surjective for J = {1, . . . , l}, we assume the contrary and deduce a contradiction. If
F (J) is not surjective for J = {1, . . . , l}, then we obtain a nonzero f0 ∈ S2(Γ0(N)) with
Fourier expansion
∑
n≥l an(f0)q
n. Hence, f0 vanishes at ∞ of order at least l > d/6 and
this contradicts (5.2). We conclude that F (J) is surjective for J = {1, . . . , l}. Therefore
we may and do take J ⊂ {1, . . . , l} such that F = F (J) is an isomorphism.
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We claim that rf ≤ |det(F )|. To verify this claim we take (ki) ∈ Cg such that fc ∈
S2(Γ0(N)) from (5.5) takes the form fc =
∑
i kifi. Properties of B show that we may and
do take f1 = f and that (f, fi) = 0 for any i ≥ 2. This implies that k1 = 0, since (f, fc) = 0
by (5.5). Therefore, on comparing Fourier coefficients, we see that aj(fc) =
∑
i≥2 kiaj(fi)
for all j ∈ J. Then (5.5) gives y = (yj) ∈ Zg such that any x = (xj) ∈ Cg satisfies
∑
i≥2
ki(fi, x) = (fc, x) = (f, x) + (y, x)rf , (5.7)
where (h, x) =
∑
j∈J aj(h)xj for h ∈ S2(Γ0(N)) and (y, x) =
∑
j∈J yjxj . We write b =
(−1, 0, . . . , 0) ∈ Cg. It follows that if x = (xj) ∈ Cg satisfies F (x) = b, then (f, x) = −1,
and (fc, x) = 0 by the first equality of (5.7). Hence, the second equality of (5.7) shows
that any solution x = (xj) ∈ Cg of F (x) = b satisfies
1 = (y, x)rf . (5.8)
The determinant det(F ) of the isomorphism F is nonzero. Thus Cramer’s rule gives ξ ∈
Z[{aj(fi)}]g such that the unique solution x = F−1(b) of F (x) = b takes the form
x = ξ det(F )−1. (5.9)
To prove that det(F )2 ∈ Z we use (5.3). It gives that aj(fi) is a coefficient of a newform.
Thus it is an eigenvalue of a certain Hecke operator. This implies that all aj(fi) are
algebraic integers. Hence det(F ) and all entries of ξ are algebraic integers. Further, Galois
conjugates of newforms are newforms of the same level. Therefore, on using properties
of the basis B discussed in Section 5.1, we see that any element σ of the absolute Galois
group of Q “permutes” the rows of the matrix F . Hence, we get that any such σ satisfies
σ(det(F )) = ± det(F ) and we deduce that det(F )2 ∈ Z as desired. Then the formulas
(5.8) and (5.9) imply r2f | det(F )2 which proves our claim rf ≤ |det(F )|.
To estimate |det(F )| we use the Ramanujan-Petersson bounds for Fourier coefficients,
which hold in particular for any newform, and thus for all fi ∈ B by (5.3). These bounds
imply that det(F ) ≤ g!∏j∈J τ(j)j1/2 and then the above inequalities give (ii).
It remains to prove (i). Any elliptic curve over Q has conductor at least 11. Therefore
we may and do assume that N ≥ 11. Next, we observe that any integer n ≥ 1 satisfies the
elementary inequalities: 1n
∑n
k=1 τ(k) ≤ 1 + log n and
∏
(1 + 1/p) ≤ 1 + (log n)/(2 log 2)
with the product taken over all rational primes p which divide n. Further, (5.1) shows that
2g ≤ ⌊1+d/6⌋ = l and hence (ii) implies thatmf ≤ (g!l!)1/2
∏
τ(j) with the product taken
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over the elements j of a set J ⊂ {1, . . . , l} of cardinality g. Then the above inequalities
and (5.1) lead to (i). This completes the proof of Lemma 5.1.
Frey [Fre97, p.544] remarked without proof that it is easy to show the asymptotic
bound logmf ≪ N logN . It seems that this estimate is still very far from being optimal.
In fact Frey [Fre89] and Mai-Murty [MM94] showed that a certain polynomial upper bound
for mf in terms of N is equivalent to a certain version of the abc-conjecture.
The above proof shows in addition that the inequalities of Lemma 5.1 hold with mf
replaced by the congruence number rf of f . We note that Murty [Mur99, Corollary 6] used
a similar method to prove a slightly weaker upper bound for rf in terms of N . Further, we
mention that Agashe-Ribet-Stein proved in [ARS12, Theorem 2.1] that any rational prime
number p, with ordp(N) ≤ 1, satisfies ordp(mf ) = ordp(rf ). Moreover, they conjectured
in [ARS12, Conjecture 2.2] that ordp(
rf
mf
) ≤ 12ordp(N) for all rational prime numbers p.
5.3 Faltings heights of Jacobians of modular curves
In this section, we give explicit upper bounds for the stable Faltings heights of the Jaco-
bians of certain classical modular curves in terms of their level. These upper bounds are
based on a result of Javanpeykar given in [Jav13].
We begin to state the result of Javanpeykar. Let X be a smooth, projective and
connected curve over Q¯ of genus g, where Q¯ is an algebraic closure of Q. We denote by P1
the projective line over Q¯ and we let D be the set of degrees of finite morphisms X → P1
which are unramified outside 0, 1,∞. Belyi’s theorem [Bel79] shows that D is non-empty.
The Belyi degree degB(X) of X is defined by degB(X) = minD. Let Pic0(X) be the
Jacobian of X, and let hF be the stable Faltings height defined in Section 2. We recall
that hF (0) = 0 and then Javanpeykar’s inequality [Jav13, Theorem 1.1.1] gives
hF (Pic
0(X)) ≤ 13 · 106degB(X)5g.
We point out that hF (Pic
0(X)) is well-defined, since the height hF is stable. Let Γ ⊂
SL2(Z) be a congruence subgroup. The associated modular curve has a smooth, projective
and connected model X(Γ) over Q¯. Let gΓ be the genus of X(Γ), and let ǫ∞ be the number
of cusps of X(Γ). The inclusion Γ ⊂ SL2(Z) induces a natural projection X(Γ) → X(1)Q¯
and the degree dΓ of this projection satisfies
gΓ ≤ 1 + dΓ
12
− ǫ∞
2
, dΓ =

[SL2(Z) : Γ] if -id ∈ Γ,[SL2(Z) : Γ]/2 if -id /∈ Γ, (5.10)
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where [SL2(Z) : Γ] denotes the index of the subgroup Γ ⊂ SL2(Z) and id ∈ SL2(Z) denotes
the identity. Furthermore, the projection X(Γ) → X(1)Q¯ ramifies at most over the two
elliptic points of X(1)Q¯ or over the cusp of X(1)Q¯, and it holds that X(1)Q¯
∼= P1. Therefore
it follows that degB(X(Γ)) ≤ dΓ and then the displayed estimate for hF (Pic0(X)) implies
hF (J(Γ)) ≤ 13 · 106d5ΓgΓ (5.11)
for J(Γ) = Pic0(X(Γ)) the Jacobian of X(Γ).
For any integer N ≥ 1, we consider the classical congruence subgroups Γ1(N) ⊂ SL2(Z)
and Γ(N) ⊂ SL2(Z), and to ease notation we write J1(N) = J(Γ1(N)) and J(N) =
J(Γ(N)). Further, we let J0(N) be the modular Jacobian defined in Section 5.2. On
combining the above results, we obtain the following lemma.
Lemma 5.2. If N ≥ 1 is an integer, then
hF (J0(N)) ≤ 7 · 107(N logN)6, hF (J1(N)) ≤ 17 · 103N12, hF (J(N)) ≤ 17 · 103N18.
Proof. We recall that hF (0) = 0. Hence, to prove the claimed inequalities, we may and do
assume that the Jacobians are non-trivial. On combining (5.1) and (5.11), we obtain an
upper bound for hF (J0(N)) as stated. For Γ = Γ1(N) or Γ = Γ(N) there exist standard
formulas which express [SL2(Z) : Γ] and ǫ∞ in terms of N , see for example [Shi71] or
[DS05]. These formulas together with (5.10) and (5.11) imply upper bounds for hF (J1(N))
and hF (J(N)) as claimed. This completes the proof of Lemma 5.2.
To conclude this section we discuss results in the literature which are related to Lemma
5.2. We begin with a theorem of Ullmo and we put g = gΓ0(N). If N ≥ 1 is a square-free
integer, then [Ull00, The´ore`me 1.2] gives the asymptotic upper bound
hF (J0(N)) ≤ g
2
logN + o(g logN). (5.12)
Further, if N ≥ 1 is a square-free integer, with 2 ∤ N and 3 ∤ N , then Jorgenson-Kramer
provide in [JK09, Theorem 6.2] the asymptotic formula
hF (J0(N)) =
g
3
logN + o(g logN). (5.13)
On combining (5.10) with the above displayed results, one can slightly improve the bounds
of Lemma 5.2 for special integers N . However, our proofs of the Diophantine results in
the following sections require bounds for all integers N ≥ 1 and thus the above discussed
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results of Ullmo and Jorgenson-Kramer are not sufficiently general for our purpose.
6 Height and conductor of elliptic curves over Q
In the first part of this section, we give explicit exponential versions of Frey’s height
conjecture and of Szpiro’s discriminant conjecture for elliptic curves over Q. We also derive
an effective version of Shafarevich’s conjecture for elliptic curves over Q. In the second
part, we prove Propositions 6.1 and 6.4 on combining the Shimura-Taniyama conjecture
with lemmas obtained in previous sections.
6.1 Height, discriminant and conductor inequalities
Let E be an elliptic curve over Q. We denote by NE the conductor of E, and we denote by
h(E) the relative Faltings height of E. See Section 2 for the definitions of NE and h(E).
We now can state the following proposition which gives an exponential version of Frey’s
height conjecture [Fre89, p.39] for all elliptic curves over Q.
Proposition 6.1. If E is an elliptic curve over Q, then
h(E) ≤ 1
4
NE(logNE)
2 + 9.
LetK be a number field. On using a completely different method, which is based on the
theory of logarithmic forms, we established in [vK, Theorem 2.1] a version of Proposition
6.1 for arbitrary elliptic curves over K. However, in the case of elliptic curves E over Q,
[vK, Theorem 2.1] provides only the weaker inequality h(E) ≤ (25NE)162.
As in Section 3.2, we denote by ∆E the norm of the usual minimal discriminant ideal
of E. Our next result provides an explicit exponential version of Szpiro’s discriminant
conjecture [Szp90, p.10] for elliptic curves over Q.
Corollary 6.2. Any elliptic curve E over Q satisfies
log ∆E ≤ 3NE(logNE)2 + 124.
Proof. This follows from Proposition 6.1, since log∆E ≤ 12h(E) + 16 by Lemma 3.3.
On combining Arakelov theory for arithmetic surfaces with the theory of logarithmic
forms, we obtained in [vK13] versions of Corollary 6.2 for all hyperelliptic (and certain
more general) curves over K. In the case of elliptic curves E over Q, we see that Corollary
6.2 improves the inequality log∆E ≤ (25NE)162 provided by [vK13, Theorem 3.3].
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To state our next corollary we denote by h(W ) the height of a Weierstrass model W
of E over Spec(Z), defined in (3.7). Let S be a non-empty open subscheme of Spec(Z) and
νS = 12
3N2S , NS =
∏
p
with the product taken over all rational primes p not in S. We say that an arbitrary elliptic
curve E over Q has good reduction over S if E has good reduction at all rational primes
in S3. It turns out that the number νS has the property that any elliptic curve E over Q,
with good reduction over S, has conductor NE dividing νS. The Diophantine inequality in
Proposition 6.1 leads to the following fully effective version of the Shafarevich conjecture
[Sha62] for elliptic curves over Q.
Corollary 6.3. If [E] is a Q-isomorphism class of elliptic curves over Q with good reduc-
tion over S, then there exists a Weierstrass model W of E over Spec(Z) that satisfies
h(W ) ≤ 1
2
νS(log νS)
2.
In particular, there exist only finitely many Q-isomorphism classes of elliptic curves over
Q with good reduction over S and these classes can be determined effectively.
Proof. We take a Q-isomorphism class [E] of elliptic curves over Q, with good reduction
over S. Lemma 3.5 gives a Weierstrass model W of E over Spec(Z) that satisfies
h(W ) ≤ h(E) + 1
2
log (max(1, hF (E))) + 7,
where hF (E) is the stable Faltings height of E. Further, it holds that hF (E) ≤ h(E) and
(3.5) leads to NE | νS . Thus Proposition 6.1 implies Corollary 6.3.
The first effective version of the Shafarevich conjecture for elliptic curves over Q is
due to Coates [Coa70, p.426]. He applied the theory of logarithmic forms. This theory
is also used in [vK12, Theorem] which provides a version of Corollary 6.3 for arbitrary
hyperelliptic curves over K. In the case of elliptic curves over Q, Corollary 6.3 improves
the actual best bound h(W ) ≤ (2NS)1296 which was obtained in [vK12, Theorem].
We mention that [vK, Section 2] gives in addition effective asymptotic versions of the
above results: h(E) ≪ǫ N21+ǫE , log∆E ≪ǫ N21+ǫE and h(W ) ≪ǫ N21+ǫS . Further, it is
3This definition is equivalent to the classical notion of good reduction outside a finite set S of rational
prime numbers. Indeed S = Spec(Z) − S has the structure of a non-empty open subscheme of Spec(Z),
and E has good reduction outside S if and only if E has good reduction over S.
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discussed in [vK, Section 2] that the exponent 21 + ǫ is optimal for the known methods
which are based on the theory of logarithmic forms. Thus these methods can not produce
inequalities as strong as those in Proposition 6.1, Corollary 6.2 and Corollary 6.3.
We denote by N(S) the number of Q-isomorphism classes of elliptic curves over Q, with
good reduction over S. The explicit height estimate in Corollary 6.3 implies an explicit
upper bound for N(S). However, this bound would be exponential in terms of νS . The
following Proposition 6.4 gives an explicit upper bound for N(S) which is polynomial in
terms of νS . The proof uses inter alia the Shimura-Taniyama conjecture and a result of
Mazur-Kenku [Ken82] on Q-isogeny classes of elliptic curves.
Proposition 6.4. It holds that N(S) ≤ 23νS
∏
p|νS
(1 + 1/p) with the product taken over
all rational primes p which divide νS.
We now discuss bounds for N(S) in the literature. The estimate N(S)≪ǫ N1/2+ǫS was
obtained by Brumer-Silverman [BS96, Theorem 1] and Poulakis established in [Pou00,
Theorem 2] an explicit upper bound for N(S). One observes that Proposition 6.4 is better
than Poulakis’ result when NS ≤ 265, and is worse when NS is sufficiently large. How-
ever, for sufficiently large NS the actual best estimate is due to Ellenberg, Helfgott and
Venkatesh [HV06, EV07]. Namely, on refining the proof of [HV06, Theorem 4.5] with the
upper bound in [EV07, Proposition 3.4], one obtains
N(S)≪ N0.1689S . (6.1)
Furthermore, Brumer-Silverman [BS96] observed that one can considerably improve (6.1)
on assuming (∗): If E is an elliptic curve over Q, with vanishing j-invariant, then the
L-function L(E, s) of E satisfies the “Generalized Riemann Hypothesis” and the rank of
E(Q) is at most the order of vanishing of L(E, s) at s = 1. More precisely, [BS96, Theorem
4] gives that (∗) implies N(S)≪ǫ N ǫS; notice that the “Generalized Riemann Hypothesis”
together with the “Birch and Swinnerton-Dyer conjecture” implies (∗).
We point out that the methods of Brumer-Silverman, Helfgott-Venkatesh and Poulakis
are entirely different from the method which is used in the proof of Proposition 6.4. For
example, to obtain Diophantine finiteness, they use the following tools: Brumer-Silverman
[BS96] apply an estimate of Evertse-Silverman [ES86] based on Diophantine approxima-
tion, Helfgott-Venkatesh [HV06] use a bound of Hajdu-Herendi [HH98] relying on the
theory of logarithmic forms, and Poulakis [Pou00] applies an estimate of Evertse [Eve84]
based again on Diophantine approximation.
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6.2 Proof of Propositions 6.1 and 6.4
Our main tool in the proof of Proposition 6.1 is the Shimura-Taniyama conjecture. Building
on the work of Wiles [Wil95] and Taylor-Wiles [TW95], Breuil-Conrad-Diamond-Taylor
[BCDT01] proved this conjecture for all elliptic curves over Q. The modularity result
in [BCDT01] implies the following version of the Shimura-Taniyama conjecture. For any
integer N ≥ 1, let X0(N) be the modular curve defined in Section 5.1. Suppose E is an
elliptic curve over Q with conductor N = NE . Then there exists a finite morphism
X0(N)→ E (6.2)
of curves over Q. We mention that the implication [BCDT01] ⇒ (6.2) uses inter alia the
Tate conjecture which was established by Faltings in [Fal83b].
To prove Proposition 6.1 we use a strategy of Frey [Fre89]. In the first part, we apply
Lemma 4.1 (ii) to pass to an elliptic curve over Q, which is Q-isogenous to E and which
is an “optimal quotient”. In the second part, we consider a formula which involves inter
alia h(E), the modular degree of the newform attached to E by (6.2), and the “Manin
constant” of E. In the third part, we estimate the quantities which appear in this formula.
Here we use inter alia the bound for the modular degree in Lemma 5.1 and a result of
Edixhoven in [Edi91] which says that the “Manin constant” of E is an integer.
Proof of Proposition 6.1. Let E be an elliptic curve over Q with conductor N = NE .
1. The version of the Shimura-Taniyama conjecture in (6.2) gives a finite morphism
ϕ : X0(N)→ E of smooth projective curves over Q. We recall that J0(N) = Pic0(X0(N))
denotes the Jacobian of X0(N). By Picard functoriality, the morphism ϕ induces a sur-
jective Q-morphism of abelian varieties
ψ : J0(N)→ E. (6.3)
Let A be the identity component of the kernel of ψ. It is an abelian subvariety of J0(N).
Thus, on using for example the standard argument via Poincare´’s reducibility theorem, we
obtain an elliptic curve E′ over Q which is Q-isogenous to E and a surjective morphism
ψ′ : J0(N)→ E′ of abelian varieties over Q with kernel A. Since E and E′ are Q-isogenous,
it follows that E′ has conductor N and Lemma 4.1 (ii) gives
∣∣h(E) − h(E′)∣∣ ≤ 1
2
log 163. (6.4)
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The kernel of ψ′ : J0(N)→ E′ is A, which is connected. An elliptic curve over Q with this
property is called an optimal quotient of J0(N) or a (strong) Weil curve. As in Section 5.2,
we denote by ι : X0(N) →֒ J0(N) the usual embedding which maps∞ to the zero element
of J0(N). To simplify the exposition we write E and ϕ for E
′ and ψ′ ◦ ι respectively.
2. It is known by Frey [Fre89, p.45-47] that the degree deg(ϕ) of ϕ is related to h(E).
A precise relation can be established as follows. We denote by E the Ne´ron model of E
over B = Spec(Z). Since Z is a principal ideal domain, the line bundle ω = ωE/B on B
from Section 2 takes the form ω ∼= αZ with a global differential one form α of E . Then,
on recalling the definition of the relative Faltings height h(E) in Section 2, we compute
h(E) = −1
2
log
(
i
2
∫
E(C)
α ∧ α
)
.
As in Section 5.1, we denote by S2(Γ0(N)) the cusp forms of weight 2 for Γ0(N) and by
(· , ·) the Petersson inner product on S2(Γ0(N)). The pullback ϕ∗α of α under ϕ defines a
differential on X0(N). It takes the form ϕ
∗α = c·2πifdz with c ∈ Q× and f ∈ S2(Γ0(N)) a
newform of level N with Fourier coefficients an(f) ∈ Z for all n ∈ Z≥1. After adjusting the
sign of α, we may and do assume that c is positive. The number c is the Manin constant
of the optimal quotient E. By definition, it holds
(f, f) =
i
2
∫
X0(N)(C)
fdz ∧ fdz.
The elliptic curve Ef over Q, which is associated to f in (5.4), is Q-isogenous to E. Indeed,
this follows for example from [Fal83b, Korollar 2] since by construction the L-functions of
E and f , of f and Ef , and thus of E and Ef , have the same Euler product factors for all
but finitely many primes. Furthermore, E is an optimal quotient of J0(N) by 1. and Ef
is an optimal quotient of J0(N), since the kernel IfJ0(N) (see Section 5.2) of the natural
projection J0(N)→ Ef is connected. Therefore it follows that the modular degree mf of
f , defined in Section 5.2, satisfies mf = deg(ϕ). Then, on using that ϕ
∗α = c · 2πifdz and
on integrating over X0(N)(C), we see that the change of variable formula and the above
displayed formulas for h(E) and (f, f) lead to
h(E) =
1
2
logmf − 1
2
log(f, f)− log(2πc). (6.5)
We now estimate the quantities which appear on the right hand side of this formula.
3. It follows from [AU95, Lemme 3.7], or from [Sil86, p.262], that (f, f) ≥ e−4π/(4π).
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Further, Edixhoven showed in [Edi91, Proposition 2] that the Manin constant c of the
optimal quotient E of J0(N) satisfies c ∈ Z and thus we obtain that log(2πc) ≥ log(2π).
Then the above lower bound for (f, f), the formula (6.5) and the estimate formf in Lemma
5.1 (i) prove Proposition 6.1 for the optimal quotient E of J0(N). Finally, on using the
reduction in 1. and (6.4), we deduce Proposition 6.1 for all elliptic curves over Q.
The main ingredients for the following proof of Proposition 6.4 are the Shimura-
Taniyama conjecture and a result of Mazur-Kenku [Ken82] on Q-isogeny classes of elliptic
curves over Q.
Proof of Proposition 6.4. Let E be an elliptic curve over Q, with good reduction over S.
We write NE for the conductor of E, and we denote by J0(N) = Pic
0(X0(N)) the Jacobian
of the modular curve X0(N) for N ≥ 1 (see Section 5). There exists a finite morphism
X0(νS) → X0(NE) of curves over Q, since NE divides νS by (3.5). Picard functoriality
gives a surjective morphism J0(νS)→ J0(NE) of abelian varieties over Q, and as in (6.3)
we see that the Shimura-Taniyama conjecture provides that E is a Q-quotient of J0(NE).
Thus there exists a surjective morphism
J0(νS)→ E
of abelian varieties over Q. Then Poincare´’s reducibility theorem shows that E is Q-
isogenous to a Q-simple “factor” of J0(νS). Furthermore, the dimension of J0(νS) coincides
with the genus g of the modular curve X0(νS), and the abelian variety J0(νS) has at most
g Q-simple “factors” up to Q-isogenies. Therefore we see that there exists a set of elliptic
curves over Q with the following properties: This set has cardinality at most g and for
any elliptic curve E over Q, with good reduction over S, there exists an elliptic curve in
this set which is Q-isogenous to E. Further, Mazur-Kenku [Ken82, Theorem 2] give that
each Q-isogeny class of elliptic curves over Q contains at most 8 distinct Q-isomorphism
classes of elliptic curves over Q. On combining the results collected above, we deduce that
N(S) ≤ 8g and then the upper bound for g in (5.1) implies Proposition 6.4.
In the following section, we shall combine Proposition 6.1 or Proposition 6.4 with the
Parsˇin constructions from Section 3 to obtain explicit Diophantine finiteness results.
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7 Integral points on moduli schemes
In the first part of this section, we give in Theorem 7.1 an effective finiteness result for
integral points on moduli schemes of elliptic curves. In the second and third part, we refine
the method of Theorem 7.1 for the moduli schemes corresponding to P1−{0, 1,∞} and to
once punctured Mordell elliptic curves. This leads to effective versions of Siegel’s theorem
for P1−{0, 1,∞} and once punctured Mordell elliptic curves, which provide explicit height
upper bounds for the solutions of S-unit and Mordell equations. We also discuss additional
applications. In particular, we consider cubic Thue equations.
7.1 Moduli schemes
To state our result for integral points on moduli schemes of elliptic curves, we use the
notation and terminology which was introduced in Section 3.
Let T and S be non-empty open subschemes of Spec(Z), with T ⊆ S. We write νT =
123
∏
p2 with the product taken over all rational primes p not in T . For any moduli problem
P on (Ell), we denote by |P|T the maximal (possibly infinite) number of distinct level
P-structures on an arbitrary elliptic curve over T ; see (3.1). We suppose that Y =M(P)
is a moduli scheme of elliptic curves, which is defined over S. Let hM be the pullback of
the relative Faltings height by the canonical forget P-map, defined in (3.3).
Theorem 7.1. The following statements hold.
(i) The cardinality of Y (T ) is at most 23 |P|T νT
∏
(1 + 1/p) with the product taken over
all rational primes p which divide νT .
(ii) If P ∈ Y (T ), then hM (P ) ≤ 14νT (log νT )2 + 9.
We refer to Section 1.1.2 for a discussion of this theorem. In addition, we now mention
that for many classical moduli problems P on (Ell) it is possible to express |P|T in terms of
more conventional data, where T is an arbitrary scheme which is connected. For example,
if PN is the “naive” level N moduli problem on (Ell) considered in Section 3, then (3.2)
shows that |PN |T is an explicit function in terms of the level N ≥ 1.
It is quite difficult, when not impossible, to compare Theorem 7.1 with quantitative or
effective finiteness results in the literature, since these results hold in different settings. One
can mention for example the quantitative result of Corvaja-Zannier [CZ03] for hyperbolic
curves which relies on Schmidt’s subspace theorem, or the effective result of Bilu [Bil02]
for certain modular curves which is based on the theory of logarithmic forms.
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Proof of Theorem 7.1. To prove (i) we denote by M(T ) be the set of isomorphism classes
of elliptic curves over T . Let M(T )Q be the set of Q-isomorphism classes of elliptic curves
over Q, with good reduction over T . We now show that there exists a bijection
M(T ) ∼=M(T )Q.
Any elliptic curve over Q has good reduction over T if and only if it is the generic fiber
of an elliptic curve over T . Further, any elliptic curve over T is the Ne´ron model of its
generic fiber (see for example [BLR90, p.15]), and M(T ) is in bijection with the set of
isomorphism classes of T -schemes generated by elliptic curves over T . Hence the Ne´ron
mapping property proves that M(T ) ∼=M(T )Q and thus Proposition 6.4 implies
|M(T )| ≤ 2
3
νT
∏
(1 + 1/p)
with the product taken over all rational primes p which divide νT . It follows from Lemma
3.1 that |Y (T )| ≤|P|T |M(T )| and then we deduce Theorem 7.1 (i).
To show (ii) we take P ∈ Y (T ) and we write [E] = φ(P ) for φ : Y (T ) → M(T ) the
canonical forget P-map from Lemma 3.1. The conductor NE of the generic fiber EQ of E
takes the form NE =
∏
pfp with fp the conductor exponent of EQ at a rational prime p,
see Section 2.2. It holds that fp ≤ 2 for p ≥ 5 and (3.5) gives that f2 ≤ 8 and f3 ≤ 5.
Furthermore, if p ∈ T then we get that fp = 0 since EQ extends to an abelian scheme over
T . On combining the above results, we deduce that NE | νT . An application of Proposition
6.1 with EQ gives that hM (P ) ≤ 14NE(logNE)2 +9 which together with NE ≤ νT implies
assertion (ii). This completes the proof of Theorem 7.1.
On replacing in the proof of Theorem 7.1 (i) the explicit estimate from Proposition 6.4
by the asymptotic bound (6.1) of Ellenberg-Helfgott-Venkatesh, we obtain the following
version of Theorem 7.1 (i): If Y =M(P) is a moduli scheme, defined over S, then
|Y (T )| ≪ |P|TN0.1689T
for NT the product of all rational primes p not in T . Furthermore, the discussion sur-
rounding (6.1) shows that the “Birch and Swinnerton-Dyer conjecture” together with the
“Generalized Riemann Hypothesis” implies that for all ǫ > 0 there exists a constant c(ǫ),
depending only on ǫ, such that |Y (T )| ≤ c(ǫ)|P|TN ǫT .
We notice that the complement of S in Spec(Z) is a finite set of rational prime numbers.
For the remaining of Section 7, we will adapt our notation to the classical number theoretic
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setting and in (7.2-7.4) the symbol S will denote a finite set of rational prime numbers.
7.2 P1 − {0, 1,∞}: S-unit equations
In the first part of this section, we briefly review alternative methods which give finiteness
for integral points of P1 − {0, 1,∞}, or equivalently for the number of solutions of S-unit
equations. In the second and third part, we establish in Corollary 7.2 an explicit upper
bound in terms of S for the height of the solutions of S-unit equations, and we compare
this bound with the actual best results in the literature. In the last part, we discuss upper
bounds for the number of solutions of S-unit equations.
Let S be a finite set of rational primes, let NS =
∏
p with the product taken over all
p ∈ S, and let O× be the units of O = Z[1/NS ]. We recall the S-unit equation (1.1)
x+ y = 1, (x, y) ∈ O× ×O×.
Before we apply the method of this paper to S-unit equations (1.1), we briefly review in
the following subsection alternative methods which give finiteness of (1.1).
7.2.1 Alternative methods
The first finiteness proof for S-unit equations (1.1) goes back to Mahler [Mah33]. He
used the method of Diophantine approximations (Thue-Siegel). Another proof of Mahler’s
theorem was obtained by Faltings, whose general finiteness theorems in [Fal83b] cover
in particular (1.1). Faltings studied semi-simple ℓ-adic Galois representations associated
to abelian varieties. Recently, Kim [Kim05] gave a new finiteness proof of (1.1). He used
Galois representations associated to the unipotent e´tale and de Rham fundamental group
of P1−{0, 1,∞}. The methods of Faltings, Kim and Thue-Siegel (Mahler) are a priori not
effective. The first effective finiteness proof of (1.1) was given4 by Baker’s method, using the
theory of logarithmic forms; see for example Baker-Wu¨stholz [BW07]. Another effective
finiteness proof of (1.1) is due to Bombieri-Cohen [BC97]. They generalized Bombieri’s
method in [Bom93], which uses effective Diophantine approximations on the multiplicative
group Gm (Thue-Siegel principle). The methods of Baker and Bombieri both give explicit
upper bounds for the heights of the solutions of (1.1) in terms of S, and they both allow
to deal with S-unit equations in any number field. So far, the theory of logarithmic forms,
which was extensively polished and sharpened over the last 47 years, produces slightly
4For instance, Coates explicit result [Coa70], which was published in 1970, implies an effective height
upper bound for the solutions of (1.1).
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better bounds than Bombieri’s method. On the other hand, Bombieri’s method is relatively
new and is essentially self-contained; see Bombieri-Cohen [BC03].
7.2.2 Effective resolution
To state and discuss our effective result for S-unit equations we put nS = 2
7NS . Let h(β)
be the usual absolute logarithmic Weil height of any β ∈ Q. This height is defined for
example in [BG06, p.16]. We obtain the following corollary.
Corollary 7.2. Any solution (x, y) of the S-unit equation (1.1) satisfies
h(x), h(y) ≤ 3
2
nS(log nS)
2 + 65.
Proof. We use the notation and terminology of Section 3. The discussion in (7.1) shows
that we may and do assume that 2 is invertible on T = Spec(O). Write
X = P1T − {0, 1,∞} = Spec(O[z, 1/(z(z − 1))])
for z an “indeterminate”. We suppose that (x, y) satisfies (1.1). Then we see that there
exists P ∈ X(T ) with z(P ) = x. Thus an application of Proposition 3.2 with P and T
gives an elliptic curve E′ over T that satisfies (write E = E′)
h(x) ≤ 6h(E) + 11 and NE ≤ nS.
Here NE is the conductor of E and h(E) is the relative Faltings height of E, see Section
3.2 for the definitions. Proposition 6.1 provides that h(E) ≤ 14NE(logNE)2 + 9. Then
the displayed inequalities imply the claimed upper bound for h(x), and then for h(y) by
symmetry. This completes the proof of Corollary 7.2.
As already mentioned in the introduction, this corollary is an effective version of Frey’s
remark in [Fre97, p.544]. (We presented Corollary 7.2 and its proof in various seminars
and conferences in Princeton (Sept. 2011 and Jan. 2012), New York (Feb. 2012), Michigan
(March 2012), Hong Kong (June 2012), Paris (Oct. 2012) and Zurich (May 2013). After
we uploaded the present paper to the arXiv in October 2013, Hector Pasten informed us
about his joint work with Ram Murty ([MP13], submitted Nov. 2012) which was published
online in July 2013 and which was presented including the proof in a seminar in Kingston
(March 2012) and in a workshop in Toronto (Nov. 2012); we thank Hector Pasten for
informing us about [MP13]. The main results of [MP13] independently establish versions
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of Corollary 7.2 (and of Lemma 5.1, Proposition 6.1 and Corollary 6.2 which are used
in the proof of Corollary 7.2) with effective bounds of the form ≪ N logN , while our
corresponding bounds are of the (slightly) weaker form ≪ N(logN)2. The method used
in [MP13] is similar to our proof of Corollary 7.2. To conclude the discussion we point out
that the results were obtained completely independently: We obtained the results of this
paper without knowing anything of the related work of Hector Pasten and Ram Murty,
and they obtained the results of [MP13] without knowing anything of our related work.)
Corollary 7.2 allows in principle to find all solutions of any S-unit equation (1.1). To
discuss a practical aspect of Corollary 7.2, we observe that any u ∈ O× satisfies u =∏ pup
with the product taken over all p ∈ S and up = ordp(u). Therefore any S-unit equation
may be viewed as an exponential Diophantine equation of the form
∏
p∈S
pxp +
∏
p∈S
pyp = 1, ((xp), (yp)) ∈ Zs × Zs
for s = |S|. If ((xp), (yp)) satisfies this exponential Diophantine equation, then Corollary
7.2 implies that maxp∈S|xp| and maxp∈S|yp| are at most 32 log 2nS(log nS)2 + 94. On using
additional tricks, we will improve in [vKM13] the absolute constants 32 log 2 and 94 and
we will transform the proof of Theorem 7.2 into a practical algorithm to solve S-unit
equations.
7.2.3 Comparison to known results
Next, we compare Corollary 7.2 with the actual best effective results in the literature for
(1.1). We notice that (1.1) has no solutions when |S| = 0, and (12 , 12), (2,−1) and (−1, 2)
are the only solutions of (1.1) when |S| = 1. Further, we see that if (1.1) has a solution,
then 2 ∈ S. Thus, for the purpose of the comparison, we may and do assume
s = |S| ≥ 2 and 2 ∈ S. (7.1)
Let (x, y) be a solution of the S-unit equation (1.1). The actual best explicit height upper
bound for (x, y) in the literature is due to Gyo˝ry-Yu [GY06]. They used the state of the
art in the theory of logarithmic forms. In the case of (1.1), where the number field is Q,
their estimate in [GY06, Theorem 2] becomes
h(x), h(y) ≤ 210s+22s4q
∏
log p
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with the product taken over all rational primes p ∈ S−{q} for q = maxS. The right hand
side of the displayed inequality is always bigger than 247. Hence, we see that Corollary 7.2
improves [GY06] for sets S with small NS , in particular for all sets S with NS ≤ 230. This
improvement is significant for the practical solution of S-unit equations, see the discussion
at the end of Section 7.2.2. However, the result of Stewart-Yu [SY01, Theorem 1], based
on the actual state of the art in the theory of logarithmic forms, gives
h(x), h(y)≪ N1/3S (logNS)3.
We observe that this inequality of Stewart-Yu is better than Corollary 7.2 for all sets S
with sufficiently large NS. This concludes our comparison.
7.2.4 Number of solutions
To discuss explicit upper bounds for the number of solutions of S-unit equations (1.1), we
recall that nS = 2
7NS . In the special case of the moduli scheme P
1
Z[1/2] − {0, 1,∞}, one
can refine the proof of Theorem 7.1 and one obtains the following result.
Corollary 7.3. The S-unit equation (1.1) has at most 4nS
∏
p∈S(1 + 1/p) solutions.
Proof. We use the terminology and notation introduced in Section 3. The discussion in
(7.1) shows that we may and do assume that 2 is invertible on T = Spec(O). Then there
exists a bijection between the set of solutions of the S-unit equation (1.1) and Y (T ), where
Y = P1Z[1/2] − {0, 1,∞}.
We now estimate the cardinality of Y (T ). The remark at the end of Section 3.2.1 shows
that Y = M(P) is a moduli scheme of elliptic curves, defined over Spec(Z[1/2]), where
P = [Legendre] is the Legendre moduli problem on (Ell). Thus Lemma 3.1 gives a map
φ : Y (T )→M(T ),
with all fibers having cardinality at most |P|T . Here |P|T is defined in (3.1) and M(T )
is the set of isomorphism classes of elliptic curves over T . The arguments of Proposition
3.2 (iii) and of Theorem 7.1 imply that the cardinality of φ(Y (T )) is at most the number
of Q-isomorphism classes of elliptic curves over Q, with conductor dividing nS = 2
7NS .
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Therefore, on replacing νS by nS in the proof of Proposition 6.4, we deduce
|φ(Y (T ))| ≤ 2
3
nS
∏
p∈S
(1 + 1/p).
Here we used that 2 ∈ S. It follows that Y (T ) has at most 4nS
∏
p∈S(1 + 1/p) elements,
since the fibers of φ have cardinality at most |P|T ≤ 6. Then we conclude Corollary 7.3.
We now compare Corollary 7.3 to results in the literature. Evertse [Eve84, Theorem
1] used the method of Diophantine approximations to prove that any S-unit equation
(1.1) has at most 3 · 73+2|S| solutions. We mention that Evertse’s result holds for more
general unit equations in any number field, and it provides, as far as we know, the actual
best upper bound in the literature for the number of solutions of (1.1). Further, we see
that Evertse’s result is considerably better than Corollary 7.3 for almost all sets S, since
3·73+2|S| ≪ǫ nǫS. Notice there are sets S for which Corollary 7.3 improves [Eve84, Theorem
1]. For example, if S ⊆ {2, 3, 5, . . . , 83, 89} and if S satisfies the reasonable assumption
(7.1), then we observe that Corollary 7.3 is better than [Eve84, Theorem 1].
7.3 Once punctured Mordell elliptic curves: Mordell equations
In the first part of this section, we briefly review alternative methods which give finiteness
for integral points on once punctured Mordell elliptic curves, or equivalently for the number
of S-integer solutions of Mordell equations. In the second and third part, we state and
prove Corollary 7.4 on Mordell equations and we compare it with the actual best effective
results in the literature. In the fourth and fifth part, we refine a result of Stark and we
discuss explicit upper bounds for the number of solutions of Mordell equations.
We continue to denote by S an arbitrary finite set of rational prime numbers and we
write O = Z[1/NS ] for NS the product of all p ∈ S. For any nonzero a ∈ O, we recall that
Mordell’s equation (1.2) is of the form
y2 = x3 + a, (x, y) ∈ O ×O.
This Diophantine equation is a priori more difficult than S-unit equations (1.1). Indeed,
elementary transformations reduce (1.1) to (1.2), while the known (unconditional) reduc-
tions of (1.2) to controlled S-unit equations require to solve (1.1) over field extensions.
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7.3.1 Alternative methods
As already mentioned in the introduction, the resolution of Mordell’s equation in Z × Z
is equivalent to the classical problem of finding all perfect squares and perfect cubes
with given difference. We refer to Baker’s introduction of [Bak68b] for a discussion (of
partial resolutions) of this classical problem, which goes back at least to Bachet 1621.
Mordell [Mor22, Mor23] showed that (1.2) has only finitely many solutions in Z × Z. He
reduced the problem to Thue equations and then he applied Thue’s finiteness theorem
which is based on Diophantine approximations. More generally, the completely different
methods of Siegel, Faltings [Fal83b] and Kim [Kim05, Kim10] give finiteness of (1.2).
Siegel’s method uses Diophantine approximations, and the methods of Faltings and Kim
are briefly described in Section 7.2.1. We mention that these methods, which in fact allow
to deal with considerably more general Diophantine problems, are all a priori not effective.
See also Bombieri [Bom93] and Kim’s discussions in [Kim12]. The first effective finiteness
result for solutions in Z× Z of Mordell’s equation (1.2) was provided by Baker [Bak68b].
Baker’s result is based on the theory of logarithmic forms.
7.3.2 Effective resolution
We now state and prove our effective result for Mordell equations. We continue to denote
by h(β) the absolute logarithmic Weil height of any β ∈ Q. To measure the set S and the
nonzero number a ∈ O, we use inter alia the quantity
aS = 2
835N2Sr2(a), r2(a) =
∏
pmin(2,ordp(a))
with the product taken over all rational primes p /∈ S with ordp(a) ≥ 1. The following
corollary allows in principle to find all solutions of any Mordell equation (1.2).
Corollary 7.4. If (x, y) satisfies Mordell’s equation (1.2), then
h(x), h(y) ≤ h(a) + 4aS(log aS)2.
Proof. The proof is completely analogous to the proof of Corollary 7.2. We use the notation
and terminology of Section 3. Write T = Spec(O[1/(6a)]) and define
Z = Spec
(O[x0, y0]/(y20 − x30 − a)])
for x0 and y0 “indeterminates”. We suppose that (x, y) is a solution of (1.2). Then there
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exists a T -integral point P ∈ Z(T ) with x0(P ) = x and thus an application of Proposition
3.4 with K = Q, P and T gives an elliptic curve E over T that satisfies
h(x) ≤ 1
3
h(a) + 8h(E) + 2 log
(
max(1, hF (E))
)
+36 and NE ≤ aS .
Here NE denotes the conductor of E, and h(E) and hF (E) denote the relative and the
stable Faltings height of E respectively; see Section 3.2 for the definitions. Proposition
6.1 provides that h(E) ≤ 14NE(logNE)2 + 9 and it holds that hF (E) ≤ h(E). Therefore
the displayed inequalities lead to the claimed estimate for h(x), and then for h(y) since
y2 = x3 + a. This completes the proof of Corollary 7.4.
We already pointed out in the introduction that Corollary 7.4 provides in particular
an entirely new proof of Baker’s classical result [Bak68b, Theorem 1].
7.3.3 Comparison to known results
In what follows, we compare our Corollary 7.4 with the actual best effective height upper
bounds in the literature for the solutions of Mordell’s equation (1.2). For this purpose, we
notice that if a ∈ Z− {0} and if rad(a) =∏p|a p denotes the radical of a, then
r2(a) ≤ |a| and r2(a) | rad(a)2. (7.2)
Over the last 45 years, many authors improved the explicit bound provided by Baker
[Bak68b], using refinements of the theory of logarithmic forms; see Baker-Wu¨stholz [BW07]
for an overview. The actual best explicit upper bound is due to Hajdu-Herendi [HH98],
and due to Juricevic [Jur08] in the important special case O = Z.
We first discuss the classical case O = Z. If S = {(10181, 4), (1023 , 5), (1019, 6)} and if
a ∈ Z−{0}, then Juricevic [Jur08] gives that any solution (x, y) ∈ Z×Z of (1.2) satisfies
h(x), h(y) ≤ min
(m,n)∈S
m|a|(log|a|)n.
On using (7.2), we see that Corollary 7.4 improves this inequality and therefore our corol-
lary establishes the actual best result for (1.2) in the classical case O = Z.
It remains to discuss the case of arbitrary O. To state the rather complicated bound
in [HH98], we have to introduce some notation. As in [HH98], we define
c1 =
32
3
∆
1
2 (8 +
1
2
log∆)4, c2 = 10
4 · 256 ·∆ 23 , ∆ = 27|a|2.
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Write cS = 7 ·1038s+86(s+1)20s+35q24max(1, log q)4s+2 for s = |S| and q = maxS. If s ≥ 1
and if a ∈ Z − {0}, then [HH98, Theorem 2] of Hajdu-Herendi, which in fact holds more
generally for any elliptic equation, gives that any solution (x, y) of (1.2) satisfies
h(x), h(y) ≤ cSc1(log c1)2(c1 + 20sc1 + log(ec2)).
It follows from (7.2) that the dependence on a ∈ Z of Corollary 7.4 is of the form
|a|(log|a|)2, while [HH98, Theorem 2] is of the weaker form |a|2(log|a|)10. Further, on
using again (7.2), we see that Corollary 7.4 improves [HH98, Theorem 2] for “small” sets
S, in particular for all sets S with NS ≤ 21200 or with s ≤ 12. This improvement is sig-
nificant for the practical resolution of Mordell equations (1.2), see for example [vKM13].
However, if NS ≫ |a|, then one can not say which bound is better. The point is that there
are sets S with NS ≫ |a| for which our result is better than [HH98, Theorem 2], and
vice versa. Finally, we mention that (so far) all effective results for (1.2) in the literature
are based on the theory of logarithmic forms, and this theory allows to deal with more
general Diophantine equations over arbitrary number fields; see [BW07]. This concludes
our comparison.
7.3.4 A refinement of Stark’s theorem
We now discuss a refinement of the following theorem of Stark [Sta73, Theorem 1]: If
a ∈ Z− {0} then any (x, y) ∈ Z× Z with y2 = x3 + a satisfies
h(x), h(y) ≪ǫ |a|1+ǫ,
where the implied constant is effective. This classical estimate of Stark is based on the
theory of logarithmic forms. The following result is a direct consequence of Corollary 7.4.
Corollary 7.5. If ǫ > 0 is a real number, then there exists an effective constant c, de-
pending only on ǫ, such that any solution (x, y) of Mordell’s equation (1.2) satisfies
h(x), h(y) ≤ h(a) + c · a1+ǫS .
On using (7.2) and the fact that h(a) = log|a| for a ∈ Z− {0}, we see that Corollary
7.5 generalizes and refines Stark’s theorem [Sta73, Theorem 1] discussed above.
We remark that Stewart-Yu [SY01] obtained an exponential version of the abc-
conjecture (abc), and (abc) is equivalent to a certain upper bound for the height of the
solutions of Mordell’s equation (1.2); see for example [BG06, p.428]. However, by elemen-
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tary reasons, all known links between (abc) and height upper bounds for the solutions of
(1.2) do not work any more with exponential versions. Hence, at the time of writing, it is
not possible to improve Corollary 7.5 on using exponential versions of (abc).
7.3.5 Number of solutions
Next, we discuss explicit upper bounds for the number of solutions of Mordell’s equation
(1.2). In the special case of the moduli scheme corresponding to (1.2), one can refine the
proof of Theorem 7.1 and one obtains the following result.
Corollary 7.6. The number of solutions of (1.2) is at most 23aS
∏
p|aS
(1 + 1/p) with the
product taken over all rational primes p which divide aS.
Proof. In this proof, we use the terminology and notation which we introduced in Section
3. We define T = Spec(O[1/(6a)]) and b = −a/1728. It follows that the number of solutions
of Mordell’s equation (1.2) is at most the cardinality of Y (T ), where
Y = Spec
(
Z[1/6, c4, c6, b, 1/b]/(1728b − c34 + c26)
)
for c4 and c6 “indeterminates”. We now estimate the cardinality of Y (T ). The remark at
the end of Section 3.2.2 gives that Y =M(P) is a moduli scheme of elliptic curves, where
P = [∆ = b] is the corresponding moduli problem on (Ell). Thus Lemma 3.1 gives a map
φ : Y (T )→M(T )
for M(T ) the set of isomorphism classes of elliptic curves over T . We notice that the
map φ coincides with the map φ constructed in Proposition 3.4. Further, we see that the
arguments of Proposition 3.4 (iii) and of Theorem 7.1 imply that |φ(Y (T ))| is at most the
number of Q-isomorphism classes of elliptic curves over Q, with conductor dividing aS .
Therefore, on replacing in the proof of Proposition 6.4 the number νS by aS , we deduce
|φ(Y (T ))| ≤ 2
3
aS
∏
(1 + 1/p)
with the product taken over all rational primes p dividing aS . Proposition 3.4 (i) shows
that φ is injective and then the displayed inequality implies Corollary 7.6.
We now compare Corollary 7.6 with results in the literature. In the classical case
O = Z, the actual best explicit upper bound for the number of solutions of (1.2) is due to
Poulakis [Pou00]. We see that Corollary 7.6 is better than Poulakis’ result when aS ≤ 2180,
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and is worse when aS is sufficiently large. However, for large aS the actual best bound
follows from Ellenberg-Helfgott-Venkatesh [HV06, EV07]. On combining their results (see
[vK] for details), one obtains that the number of solutions of (1.2) is
≪ cs0(1 + log q)2rad(a)0.1689
for c0 an absolute constant, s = |S| and q = maxS. This asymptotic bound is better
than the asymptotic estimate implied by Corollary 7.6. We point out that the methods
of Poulakis [Pou00] and Helfgott-Venkatesh [HV06] are fundamentally different from the
method of Corollary 7.6; see the end of Section 6.1 for a brief discussion of the Diophantine
results used in the proofs of [Pou00] and [HV06]. To conclude our comparison, we mention
that Evertse-Silverman [ES86] applied Diophantine approximations to obtain an explicit
upper bound for the number of solutions of (1.2). Their bound involves inter alia a quantity
which depends on a certain class number.
7.4 Additional Diophantine applications
In this section we discuss additional Diophantine applications of the Shimura-Taniyama
conjecture. In particular, we consider cubic Thue equations.
There are many Diophantine equations which can be reduced to S-unit or Mordell
equations, such as for example (super-) elliptic Diophantine equations. Usually these re-
ductions consist of elementary, but ingenious, manipulations of explicit equations and they
often require to solve S-unit and Mordell equations over controlled field extensions K of
Q. Unfortunately we can not use most of the standard reductions, since our results in
the previous sections only hold for K = Q. However, we now discuss constructions which
allow to reduce certain classical Diophantine problems without requiring field extensions.
7.4.1 Thue equations
Let m be an integer and let f ∈ Z[x, y] be an irreducible binary form of degree n ≥ 3,
with discriminant ∆. We consider the classical Thue equation
f(u, v) = m, (u, v) ∈ Z× Z. (7.3)
The famous result of Thue, based on Diophantine approximations, gives that (7.3) has only
finitely many solutions. Moreover, Baker [Bak68a] used his theory of logarithmic forms to
prove an effective finiteness result for Thue equations; see [BW07] for generalizations.
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We now suppose that n = 3. To prove (effective) finiteness results for (7.3), we may and
do assume by standard reductions that (7.3) has at least one solution and that m∆ 6= 0.
Thus we get a smooth, projective and geometrically connected genus one curve
X = Proj
(
Q[x, y, z]/(f −mz3)).
On using classical invariant theory of cubic binary forms, one obtains a finite Q-morphism
ϕ : X → Pic0(X) of degree 3 and one computes
Pic0(X) = Proj
(
Q[x, y, z]/(y2z − x3 − az3)), a = 432m2∆ 6= 0.
See for example Silverman [Sil82, p.401] for details. Moreover, if (u, v) satisfies (7.3) and
if P denotes the corresponding Q-point of X, then the definition of ϕ shows that x(ϕ(P ))
and y(ϕ(P )) are both in Z and z(ϕ(P )) = 1. In other words, the finite Q-morphism
ϕ : X → Pic0(X)
of degree 3 reduces any cubic Thue equation (7.3) to a Mordell equation (1.2) of the form
(v′)2 = (u′)3+ a, (u′, v′) ∈ Z×Z. Therefore we see that Corollary 7.6 gives a quantitative
finiteness result for any cubic Thue equation (7.3). In fact the above arguments prove more
generally that any cubic Thue equation (7.3) has only finitely many solutions in O×O for
O = Z[1/NS ] as in the previous sections. Furthermore, it seems possible to deduce from
Corollary 7.4 explicit height upper bounds for the solutions of (7.3) in O × O, since all
involved reductions can be made explicit.
At the time of writing, it is not clear to the author how to generalize the method in
order to deal with the cases n ≥ 4. Such generalizations would be interesting for various
reasons. For example, any elliptic Diophantine equation over Z can be reduced to certain
controlled Thue equations (7.3) of degree n = 4. This well-known reduction is ingenious,
but completely elementary. It only requires the classical reduction theory of quartic binary
forms over Z which goes back (at least) to Hermite 1848.
8 Abelian varieties of product GL2-type
In the first part of this section, we define and discuss abelian varieties of product GL2-
type. Then we state Theorem 8.1 and Proposition 8.2 which provide explicit inequalities
relating the stable Faltings height and the conductor of abelian varieties over Q of product
GL2-type. In the second part, we prove Theorem 8.1 and Proposition 8.2.
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Let S be a connected Dedekind scheme, with field of fractions K a number field. Let
A be an abelian scheme over S of relative dimension g ≥ 1. We say that A is of GL2-type
if there exists a number field F of degree [F : Q] = g together with an embedding
F →֒ End(A)⊗Z Q.
The terminology GL2-type comes from the following property: If A is of GL2-type and if
Vℓ(A) = Tℓ(A) ⊗Zℓ Qℓ denotes the rational ℓ-adic Tate module associated to the generic
fiber of A, then Vℓ(A) is a free F ⊗QQℓ-module of rank 2 and thus the action on Vℓ(A) of
the absolute Galois group of K defines a representation with values in
GL2(F ⊗Q Qℓ).
Abelian varieties of GL2-type were studied by several authors. For example, we mention
the fundamental contributions of Ribet [Rib76, Rib92]. Further, we remark that elliptic
curves and rational points on Hilbert modular varieties provide natural examples of abelian
varieties of GL2-type, and there exists a vast literature on special classes (e.g. Hilbert-
Blumenthal type) of abelian varieties of GL2-type; see for instance [vdG88].
More generally, we say that A is of product GL2-type if A is isogenous to a product
A1 ×S . . .×S An of abelian schemes A1, . . . , An over S which are all of GL2-type.
8.1 Height and conductor
Let A be an abelian variety over Q of dimension g ≥ 1. We denote by hF (A) the stable
Faltings height of A, and we denote by NA the conductor of A. See Section 2 for the
definitions of hF (A) and NA. We obtain the following result.
Theorem 8.1. If A is of product GL2-type, then the following statements hold.
(i) There is an effective constant k, depending only on g,NA, such that hF (A) ≤ k.
(ii) It holds hF (A) ≤ (3NA)12 + (8g)6 logNA.
We point out that Theorem 8.1 generalizes Proposition 6.1 which holds for elliptic
curves over Q, since any elliptic curve is an abelian variety of GL2-type.
Further, we mention that the proofs of Theorem 8.1 (i) and (ii) are in principle the
same. The only difference is that in (i) we use isogeny estimates based on “essentially
algebraic” methods, and in (ii) we apply isogeny estimates coming from transcendence.
On calculating explicitly the constant k in our proof of (i), it turns out that the resulting
50
inequality is worse than (ii). However, for certain abelian varieties the method of (i) is
capable to produce inequalities which are better than (ii). For example, on refining the
proof of (i) for semi-stable elliptic curves over Q, we obtain the following asymptotic result
in which γ = 0.5772 . . . denotes Euler’s constant and f(x) = x log(x) log log x for x≫ 1.
Proposition 8.2. If E is a semi-stable elliptic over Q, then
hF (E) ≤ e
γ
4π2
f(NE) + o(f(NE)).
We remark that if E is a semi-stable elliptic curve over Q with good reduction at the
primes 2 and 3, then Proposition 8.2 can be slightly improved to
hF (E) ≤ e
γ
6π2
f(NE) + o(f(NE)).
Indeed, this inequality follows on replacing in the proof of Proposition 8.2 the asymptotic
estimate (5.12) of Ullmo by the asymptotic formula (5.13) of Jorgenson-Kramer.
8.2 Proof of Theorem 8.1 and Proposition 8.2
In the first part of this section, we collect some useful properties of abelian varieties over
Q of GL2-type. In the second part, we combine these properties with results obtained in
Sections 2, 4 and 5.3 to prove Theorem 8.1 and Proposition 8.2.
8.2.1 Preliminaries
To prove Theorem 8.1 we use Serre’s modularity conjecture [Ser87, (3.2.4)?]. Building on
the work of many mathematicians, Khare-Wintenberger [KW09] recently proved Serre’s
modularity conjecture. Furthermore, Ribet generalized the arguments of Serre [Ser87,
The´ore`me 5] and he showed in [Rib92, Theorem 4.4] that Serre’s modularity conjecure has
the following consequence. Suppose that A is an abelian variety over Q of GL2-type. If A
is Q-simple, then there exists an integer N ≥ 1 together with a surjective morphism
J1(N)→ A (8.1)
of abelian varieties over Q. Here J1(N) denotes the usual modular Jacobian, defined for
example in Section 5.3. We note that Serre and Ribet used inter alia the Tate conjecture
[Fal83b] to prove the implication “Serre’s modularity conjecture ⇒ (8.1)”.
We now collect additional results which shall be used in the proof of Theorem 8.1.
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Assume that A is an abelian variety over Q of GL2-type. Then there exists a Q-simple
abelian variety B over Q of GL2-type, an integer n ≥ 1 and a Q-isogeny
A→ Bn (8.2)
for Bn the n-fold product of B. This result was established by Ribet in course of his proof
of [Rib92, Theorem 2.1]. Further, we shall use the following important property of abelian
varieties of GL2-type. Suppose that A and A
′ are Q-isogenous abelian varieties over Q.
Then A is of GL2-type if and only if A
′ is of GL2-type. Indeed this follows directly from
dim(A) = dim(A′) and End(A)⊗Z Q ∼= End(A′)⊗Z Q.
For any abelian variety A over Q, we denote by NA the conductor of A. Let N ≥ 1
be an integer and consider the congruence subgroup Γ1(N) ⊂ SL2(Z). For any normalized
newform f ∈ S2(Γ1(N)), we let Af = J1(N)/IfJ1(N) be the abelian variety over Q
associated to f by Shimura’s construction; see Section 5.2 for the definitions with respect
to Γ0(N) and replace therein Γ0(N) by Γ1(N). The abelian variety Af is Q-simple and the
Q-simple “factors” of J1(N) are unique up to Q-isogenies. Thus [Rib80, Proposition 2.3]
implies that any Q-simple quotient of J1(N) is Q-isogenous to Af for some normalized
newform f ∈ S2(Γ1(M)) of level M with M | N . Further, a result of Carayol in [Car86]
gives for any positive integer M that any normalized newform f ∈ S2(Γ1(M)) satisfies
NAf =M
dim(Af ). We now suppose that A is the Q-simple abelian variety over Q of GL2-
type, which appears in (8.1). Then on combining the above observations, we see that one
can choose the number N in (8.1) such that
NA = N
dim(A). (8.3)
We are now ready to prove Theorem 8.1 and Proposition 8.2.
8.2.2 Proofs
We continue the notation of the previous section. For any abelian variety A over Q, we
denote by hF (A) the stable Faltings height of A.
As already mentioned, our proofs of Theorem 8.1 (i) and (ii) are essentially the same.
We now describe the proof of (ii), which is divided into the following two parts. In the
first part, we use (8.1) and (8.3) to show that any abelian variety A as in Theorem 8.1 is
Q-isogenous to a product
∏
Aeii , where ei ≥ 1 is an integer and Ai is an abelian subvariety
of J1(Ni) for Ni ≥ 1 an integer dividing NAi . In the second part, we combine results
from Sections 2 and 4 to deduce then an upper bound for hF (A) in terms of hF (J1(Ni)),
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dim(J1(Ni)) and g = dim(A), and then in terms of Ni and g by Section 5.3, and finally
in terms of NA and g since each Ni divides NAi and since
∏
N eiAi = NA.
Proof of Theorem 8.1. We take an abelian variety A over Q of dimension g ≥ 1 and we
assume that A is of product GL2-type.
1. Poincare´’s reducibility theorem gives positive integers ei together with Q-simple
abelian varieties Ai over Q such that A is Q-isogenous to the product
∏
Aeii . We write
gi for the dimension of Ai. The Q-simple “factors” Ai of A are unique up to Q-isogeny,
and by assumption A is Q-isogenous to a product of abelian varieties over Q of GL2-type.
Therefore (8.2) implies that Ai is Q-isogenous to an abelian variety over Q of GL2-type,
and thus Ai is of GL2-type as well. Then the results collected in (8.1) and (8.3) provide a
positive integer Ni with N
gi
i = NAi together with a surjective morphism
Ji = J1(Ni)→ Ai (8.4)
of abelian varieties over Q. Let Bi be the identity component of the kernel of Ji → Ai. It is
an abelian subvariety of Ji. Then Poincare´’s reducibility theorem gives a complementary
abelian subvariety A′i of Ji together with a Q-isogeny A
′
i×QBi → Ji induced by addition.
We next verify that Ai and A
′
i are Q-isogenous. The kernel of the surjective morphism
Ji → Ai is a Q-subgroup scheme of Ji whose dimension coincides with dim(Bi). Hence,
the dimension formula implies that the dimensions of Ai and A
′
i coincide. Let A
′
i → Ai be
the morphism obtained by composing the natural inclusion A′i →֒ A′i ×Q Bi with the Q-
isogeny A′i×QBi → Ji and then with the morphism Ji → Ai. We recall that the surjective
morphism A′i ×Q Bi → Ji is induced by addition, and Bi is the identity component of the
kernel of Ji → Ai. Therefore we see that the morphism A′i → Ai is surjective, and thus it
is a Q-isogeny since dim(A′i) = dim(Ai). Hence, after replacing Ai by A
′
i, we may and do
assume that Ai is an abelian subvariety of Ji and that there exists a Q-isogeny
Ai ×Q Bi → Ji. (8.5)
2. We now begin to estimate the heights. For any abelian variety B over Q, we denote
by vB the maximal variation of the stable Faltings height hF in the Q-isogeny class of B;
that is vB = sup|hF (B)− hF (B′)| with the supremum taken over all abelian varieties B′
over Q which are Q-isogenous to B. The abelian variety A′ =
∏
Aeii satisfies
hF (A
′) =
∑
eihF (Ai), and hF (A) ≤ vA′ + hF (A′) (8.6)
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since A is an abelian variety over Q which is Q-isogenous to A′. Write ni = dim(Ji) and
define J ′i = Ai ×Q Bi. It holds that hF (Ai) = hF (J ′i) − hF (Bi), and it follows from (8.5)
that hF (J
′
i) is at most vJi +hF (Ji). Therefore the lower bound for hF (Bi) in (2.2) implies
hF (Ai) ≤ vJi + hF (Ji) +
ni
2
log(2π2). (8.7)
Here we used that the dimension of Bi is at most dim(J
′
i) = ni and that the lower bound
for hF (Bi) in (2.2) holds in addition for Bi = 0 since hF (0) = 0. To control ni in terms of
Ni, we consider the modular curve X1(Ni) = X(Γ1(Ni)) over Q defined in Section 5.3. We
recall that Ji = J1(Ni) is the Jacobian of X1(Ni) and hence the genus of X1(Ni) coincides
with the dimension ni of Ji. Therefore (5.10) together with [DS05, p.107] implies
ni ≤ 1
24
N2i . (8.8)
To bound NJi in terms of Ni, we use the classical result of Igusa which says that X1(Ni)
has good reduction at all primes p ∤ Ni. In particular, the Jacobian Ji = Pic
0(X1(Ni))
of X1(Ni) has good reduction at all primes p ∤ Ni. It follows that all prime factors of
NJi divide Ni. Then (2.4) gives an effective bound for NJi in terms of ni and Ni, which
together with (8.8) shows that there exists an effective constant ci, depending only on Ni,
such that
NJi ≤ ci. (8.9)
We recall that A′ =
∏
Aeii is an abelian variety over Q which is Q-isogenous to A. Hence,
we get that NA = NA′ and then the equality NAi = N
gi
i in statement (8.4) gives
NA =
∏
N eiAi =
∏
N eigii . (8.10)
In addition the dimension formula gives that g =
∑
eigi. In particular we obtain ei ≤ g.
We now prove (i). Lemma 4.1 (i) gives an effective upper bound for vA′ in terms of
dim(A′) = g and NA′ = NA, and for vJi in terms of ni and NJi . On combining these upper
bounds with (8.6) and (8.7), we obtain an effective estimate for hF (A) in terms of g, NA,
ni, hF (Ji) and NJi ; then in terms of g, NA and Ni by (8.8), Lemma 5.2 and (8.9); and
finally in terms of g and NA by (8.10). This completes the proof of (i).
To show (ii) we use (4.3). It gives an upper bound for vA′ in terms of dim(A
′) = g
and hF (A
′), and for vJi in terms of ni and hF (Ji). On combining these upper bounds
with (8.6) and (8.7), we obtain an estimate for hF (A) in terms of g, ei, ni and hF (Ji).
Then (8.8) together with the upper bound for hF (Ji) in Lemma 5.2 lead to an estimate
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for hF (A) in terms of g, ei and Ni. More precisely, on computing in each step the bounds
explicitly, one obtains for example the following estimate
hF (A) ≤ (3N ′A)12 + (8g)6 logN ′A, N ′A =
∏
N eii . (8.11)
To simplify the bound we used here that one can assume Ni ≥ 2 and g ≥ 2. Indeed, the
equality NAi = N
gi
i in statement (8.4) together with Fontaine’s result [Fon85] implies that
Ni ≥ 2, and if g = 1 then Proposition 6.1 combined with hF (A) ≤ h(A) gives an inequality
which is even better than (8.11). Finally, it follows from (8.10) that N ′A divides NA and
then (8.11) implies (ii). This completes the proof of Theorem 8.1.
We now discuss a possible variation of the proof of Theorem 8.1. For any integer N ≥ 1,
we denote by J(N) the modular Jacobian defined in Section 5.3. In the proof of Theorem
8.1 it is possible to work with J(N) instead of J1(N) by using the canonical morphism
J(N)→ J1(N). However, the resulting inequality would not be as good as the inequalities
provided by Theorem 8.1, since the bounds for dim(J(N)) and hF (J(N)) in terms of N
(see Section 5.3) are worse than the corresponding estimates for J1(N).
Proof of Proposition 8.2. We take a semi-stable elliptic curve E over Q as in the propo-
sition. Write N = NE for the conductor of E, and let J0(N) be as in Section 5.2. The
Shimura-Taniyama conjecture gives a surjective morphism
J0(N)→ E
of abelian varieties over Q, see (6.3) for details. Then, as in the first part of the proof
of Theorem 8.1, we find an abelian subvariety E′ of J0(N) which is Q-isogenous to E.
The conductor N of the semi-stable abelian variety E is square-free. Therefore we get
that J0(N) is semi-stable and then an application of Lemma 4.1 (iii) with the abelian
subvariety E′ of J0(N) gives the inequality
h(E′) ≤ h(J0(N)) + g
2
log(8π2).
Here g denotes the dimension of J0(N), and h(A) denotes the relative Faltings height of
an arbitrary abelian variety A over Q. The dimension g coincides with the genus of the
modular curve X0(N) defined in Section 5.1. Therefore the upper bound for the genus of
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X0(N) in (5.1) together with standard analytic estimates leads to
g ≤ e
γ
2π2
N log logN + o(N).
Here γ = 0.5772 . . . denotes Euler’s constant. We write f(N) = N log(N) log logN . It
holds that h(J0(N)) = hF (J0(N)), since J0(N) is semi-stable. Hence, on combining the
displayed inequalities with Ullmo’s upper bound for hF (J0(N)) in (5.12), we deduce
h(E′) ≤ e
γ
4π2
f(N) + o(f(N)).
Further, Lemma 4.1 (ii) provides that h(E) ≤ h(E′)+ 12 log 163, and we get that hF (E) =
h(E) since E is semi-stable. Hence, we see that the displayed upper bound for h(E′) in
terms of f(N) proves Proposition 8.2.
We remark that the proof of Proposition 8.2 shows in addition that any semi-stable
elliptic curve E over Q, with conductor NE and relative Faltings height h(E), satisfies
h(E) ≤ 108(NE logNE)6. (8.12)
Indeed this follows on replacing in the proof of Proposition 8.2 the asymptotic estimate
for hF (J0(N)) by the explicit Lemma 5.2. We mention that on working in the proof of
Theorem 8.1 (ii) with J0(N) instead of J1(N) (similar as in Proposition 8.2), one can
remove5 the semi-stable assumption in (8.12) and therewith one obtains (8.12) for all
elliptic curves over Q. We notice that (8.12) improves [vK, Theorem 2.1] in the case of
elliptic curves over Q. On the other hand, (8.12) is worse than Proposition 6.1.
We point out that the above described proof of (8.12) for all elliptic curves over Q,
which uses e.g. isogeny estimates and results from Arakelov theory, is very different to the
proof of Proposition 6.1 which applies inter alia the theory of modular forms. In fact the
only common tool is the “geometric” version (6.3) of the Shimura-Taniyama conjecture.
9 Effective Shafarevich conjecture
In the first part of this section, we discuss several aspects of the effective Shafarevich
conjecture. In the second part, we give our explicit version of the effective Shafarevich
conjecture for abelian varieties of product GL2-type and we deduce some applications. In
5One uses in addition that h(E) ≤ hF (E) +
5
12
logNE + 2 log 2. This inequality follows by combining
the Noether formula, [vK13, Proposition 5.2 (iv)] and the classification of Kodaira-Ne´ron.
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the third part, we then prove the results of Section 9 and finally in the last part we give
a generalization for Q-virtual abelian varieties of GL2-type.
9.1 Effective Shafarevich conjecture
Let S be a non-empty open subscheme of Spec(Z) and let g ≥ 1 be an integer. We denote
by hF (A) the stable Faltings height of an abelian scheme A over S. See Section 2 for the
definition. We now recall the effective Shafarevich conjecture.
Conjecture (ES). There exists an effective constant c, depending only on S and g, such
that any abelian scheme A over S of relative dimension g satisfies hF (A) ≤ c.
The case g = 1 of this conjecture was proven in course of the proof of Theorem 7.1. In
fact, up to a height comparison, this case was already established by Coates [Coa70] who
used the theory of logarithmic forms. Conjecture (ES) is widely open when g ≥ 2.
We mention that Conjecture (ES) would have striking applications to classical Dio-
phantine problems. For example, the following proposition gives that Conjecture (ES)
implies the effective Mordell conjecture for curves over number fields.
Proposition 9.1. Suppose that Conjecture (ES) holds. If X is a smooth, projective and
geometrically connected curve of genus at least 2, defined over an arbitrary number field,
then one can determine in principle all rational points of X.
Let K be a number field. In what follows, by a curve over K we always mean a
smooth, projective and geometrically connected curve over K. For any curve X over K,
we denote by hF (X) the stable Faltings height of the Jacobian Pic
0(X) of X. In the proof
of Proposition 9.1 we will show that Conjecture (ES) implies in particular the following
“classical” effective Shafarevich conjecture (ES)∗ for curves over K.
Conjecture (ES)∗. Let T be a finite set of places of K. There exists an effective constant
c, depending only on K, T and g, such that any curve X over K of genus g, with good
reduction outside T , satisfies hF (X) ≤ c.
We now discuss several aspects of Conjectures (ES) and (ES)∗. First, we mention
that Conjecture (ES), which implies (ES)∗, is a priori considerably stronger than (ES)∗.
For example, if X is a curve over K, then Conjecture (ES) would allow in addition to
control the finite places of K where the reductions of X and Pic0(X) are different; see the
discussion at the end of Section 9 for more details. Furthermore, it is shown in [vKK] that
already special cases of Conjecture (ES), as Theorem 9.2 below, have direct applications
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to the effective study of Diophantine equations. On the other hand, one needs to prove
Conjecture (ES)∗ in quite general situations to get effective Diophantine applications.
We remark that de Jong-Re´mond [dJR11] established Conjecture (ES)∗ for curves over
K which are geometrically cyclic covers of prime degree of the projective line P1K . They
combined the method introduced by Parsˇin [Par72] with the theory of logarithmic forms;
see also the proof of [vK13, Theorem 3.2] for some refinements. The results in [dJR11] and
[vK13] are not general enough to deduce effective applications for Diophantine equations
via the known constructions of Kodaira or Parsˇin [Par68].
We point out that a geometric analogue of Conjecture (ES) was established by Faltings
[Fal83a], see also Deligne [Del87, p.14] for some refinements.
Conjecture (ES) is in fact equivalent to the following conjecture: For any non-empty
open subscheme S of the spectrum of the ring of integers of K, there exists an effective
constant c, depending only on K, S and g, such that any abelian scheme A over S of
relative dimension g satisfies hF (A) ≤ c. To prove the equivalence one uses inter alia the
Weil restriction. We refer to the proof of Proposition 9.1 for details.
Finally, we mention that one can formulate Conjecture (ES) more classically in terms
of Q-isomorphism classes of abelian varieties over Q of dimension g, with good reduction
outside a finite set of rational prime numbers. However, our formulation of Conjecture
(ES) in terms of abelian schemes is more compact and is more convenient for the effective
study of integral points on moduli schemes.
9.2 Abelian schemes of product GL2-type
We continue the notation of the previous section. Let S be a non-empty open subscheme
of Spec(Z) and let g ≥ 1 be an integer. We write NS =
∏
p with the product taken over
all rational prime numbers p which are not in S. The following theorem establishes the
effective Shafarevich conjecture (ES) for all abelian schemes of product GL2-type.
Theorem 9.2. Let A be an abelian scheme over S of relative dimension g. If A is of
product GL2-type, then
hF (A) ≤ (3g)144gN24S .
We point out that the bound in Theorem 9.2 is polynomial in terms of NS . In course of
the proof of Theorem 9.2 we shall obtain the more precise inequality (9.7), which improves
in particular the estimate of Theorem 9.2 and which is polynomial in terms of the relative
dimension g of A. Moreover, it is possible to refine (9.7) in special cases. For example, we
obtain the following result for semi-stable abelian varieties of product GL2-type.
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Proposition 9.3. Let A be an abelian scheme over S of relative dimension g. If A is of
product GL2-type and if the generic fiber of A is semi-stable, then
hF (A) ≤ g(3NS)12 + (6g)7 logNS .
Next, we deduce from Theorem 9.2 new cases of the “classical” effective Shafarevich
conjecture (ES)∗. We say that a curve X over Q is of product GL2-type if the Jacobian
Pic0(X) of X is of product GL2-type. There exist many curves over Q of genus ≥ 2 which
are of product GL2-type, see for example the articles in [CLQR04]. Let T be a finite set
of rational prime numbers and write NT =
∏
p with the product taken over all p ∈ T .
Corollary 9.4. Let X be a curve over Q of genus g which is of product GL2-type. If
Pic0(X) has good reduction outside T , then
hF (X) ≤ (3g)144gN24T .
Proof. The Ne´ron model of Pic0(X) over S = Spec(Z) − T is an abelian scheme, since
Pic0(X) has good reduction outside T . Therefore Theorem 9.2 implies Corollary 9.4.
If X is a curve over Q with good reduction at a rational prime p, then Pic0(X) has
good reduction at p. This shows that Corollary 9.4 establishes in particular the “classical”
effective Shafarevich conjecture (ES)∗ for all curves over Q of product GL2-type.
We now derive new isogeny estimates for abelian varieties over Q of product GL2-type.
Masser-Wu¨stholz bounded in [MW93, MW95] the minimal degree of isogenies of abelian
varieties. On combining Theorem 9.2 with the most recent version of the Masser-Wu¨stholz
results, due to Gaudron-Re´mond [GR12], we obtain the following corollary.
Corollary 9.5. Suppose that A and B are isogenous abelian schemes over S of relative
dimension g. If A or B is of product GL2-type, then the following statements hold.
(i) There exist isogenies A→ B and B → A of degree at most (14g)(12g)5N (37g)3S .
(ii) In particular it holds |hF (A)− hF (B)| ≤ (30g)3 logNS + (9g)6.
We point out that these isogeny estimates are independent of A and B. This is abso-
lutely crucial for certain Diophantine applications such as for example [vKK] or Theorem
9.6 below. On calculating the constant of Lemma 4.1 (i) explicitly, we see that Corollary
9.5 (ii) is exponentially better in terms of NS and g than Lemma 4.1 (i). We also note
that Corollary 9.5 (ii) holds with hF replaced by the relative Faltings height h.
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We denote by MGL2,g(S) the set of isomorphism classes of abelian schemes over S of
relative dimension g which are of product GL2-type. Corollary 9.5 (i) is one of the main
ingredients for the proof of the following quantitative finiteness result for MGL2,g(S).
Theorem 9.6. The cardinality of MGL2,g(S) is at most (14g)
(9g)6N
(18g)4
S .
We refer to Section 6 for a discussion of the important special case g = 1 of Theorem
9.6. To state some consequences of Theorem 9.6 for Q-isomorphism classes of abelian
varieties over Q, we recall that T denotes a finite set of rational prime numbers and we
let NT =
∏
p∈T p be as above. We obtain the following corollary.
Corollary 9.7. Let A be an abelian variety over Q of dimension g. We assume that A
has the following properties: (a) A is of product GL2-type and (b) A has good reduction
outside T . Then the following statements hold.
(i) Up to Q-isomorphisms, there exist at most (14g)(9g)
6
N
(18g)4
T abelian varieties over
Q which are Q-isogenous to A.
(ii) Up to Q-isogenies, there exist at most (3g)32g
2
N4gT abelian varieties over Q of di-
mension g which have the properties (a) and (b).
We remark that it is possible to prove a considerably more general version of Corollary
9.7 (ii) by refining Faltings’ proof of [Fal83b, Satz 5] with an effective Cˇebotarev density
theorem; see for example Deligne [Del85]. However, the resulting unconditional bound for
the number of isogeny classes would be worse than the estimate in Corollary 9.7 (ii).
9.3 Proof of the results of Section 9
In the first part of this section, we collect useful results for abelian schemes. In the second
part, we first show Theorem 9.2, Proposition 9.3 and Corollary 9.5, then we prove Theorem
9.6 and Corollary 9.7, and finally we give the proof of Proposition 9.1.
9.3.1 Preliminaries
Let S be a connected Dedekind scheme, with field of fractions K. We begin to prove useful
properties of morphisms of abelian schemes over S. Suppose that A and B are abelian
schemes over S with generic fibers AK and BK respectively. Then base change from S to
K induces an isomorphism of abelian groups
Hom(A,B) ∼= Hom(AK , BK). (9.1)
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We now verify (9.1). Any abelian scheme over S is the Ne´ron model of its generic fiber, see
for example [BLR90, p.15]. Thus the Ne´ron mapping property gives that any K-scheme
morphism ϕK : AK → BK extends to an unique S-scheme morphism ϕ : A → B. In
addition, if ϕK is a K-group scheme morphism, then ϕ is a S-group scheme morphism.
Therefore we see that base change from S to K induces a bijection of sets Hom(A,B) ∼=
Hom(AK , BK). Finally, base change properties of group schemes show that this bijection
is in fact a homomorphism of abelian groups and hence we conclude (9.1). Furthermore,
base change from S to K induces an isomorphism of rings
End(A) ∼= End(AK). (9.2)
Indeed, if A = B then the isomorphism of abelian groups in (9.1) is an isomorphism of
rings, since base change from S to K is a covariant functor from S-schemes to K-schemes.
We shall use the following property of semi-stable abelian varieties. Let A and B be
abelian varieties over K and let v be a closed point of S. If there is a surjective morphism
A→ B (9.3)
of abelian varieties over K and if A has semi-stable reduction at v, then B has semi-stable
reduction at v. We now verify this statement. Let C be the reduced underlying scheme of
the identity component of the kernel of A→ B. There exists an abelian variety B′ over K
which is K-isogenous to B and which fits into an exact sequence 0 → C → A → B′ → 0
of abelian varieties over K. Therefore the semi-stability of A at v together with [BLR90,
p.182] gives that B′ has semi-stable reduction at v, and then [BLR90, p.180] shows that
B is semi-stable at v since B and B′ are K-isogenous. This proves the assertion in (9.3).
Next, we give Lemma 9.8 which will allow us later to control the conductor of certain
abelian varieties. In this lemma, we assume that K is a number field with ring of integers
OK and we assume that S is a non-empty open subscheme of Spec(OK). We write d =
[K : Q] for the degree of K over Q and we define NS =
∏
Nv with the product taken
over all v ∈ Spec(OK) − S. Let g ≥ 1 be an integer and let ρ = ρ(S, g) be the number
of rational primes p such that p ≤ 2g + 1 and such that there exists v ∈ Spec(OK) − S
with v | p. If A is an abelian scheme over S, then we denote by NA the conductor of A
defined in Section 2.2. The following global result in Lemma 9.8 (i) uses inter alia the local
conductor estimates of Brumer-Kramer [BK94] stated in (2.4).
Lemma 9.8. Suppose that A is an abelian scheme over S of relative dimension g. Then
the following statements hold.
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(i) There exists a positive integer ν, depending only on K, S and g, such that NA | ν
and such that ν ≤ (2g + 1)6gdρN2gS .
(ii) If the generic fiber of A is semi-stable, then NA | NgS.
Proof. The generic fiber AK of A has good reduction at all closed points of S, since A is
an abelian scheme over S. Therefore NA takes the form
NA =
∏
Nfvv
with the product taken over all v ∈ Spec(OK)− S, where fv = εv + δv for εv and δv the
tame and the wild conductor of AK at v respectively; see for example [Ser70, Section 2.1].
We now prove (i). Let v be a closed point of Spec(OK). We see that εv ≤ dimVℓ(A) =
2g for Vℓ(A) the rational ℓ-adic Tate module of AK . If the residue characteristic p of v
satisfies p > 2g + 1, then δv = 0 and hence fv = εv ≤ 2g. We denote by bv the right
hand side of the inequality of Brumer-Kramer stated in (2.4). This bv is an integer which
depends only on K, S, g and which satisfies fv ≤ bv. Then we observe that NA divides
ν = N2gS
∏
N (bv−2g)v
with the product taken over all v ∈ Spec(OK)−S of residue characteristic at most 2g+1.
On using the definition of bv via (2.4), we deduce an upper bound for bv which then leads
to an estimate for ν as claimed. This completes the proof of (i).
To show (ii) we take again a closed point v of Spec(OK). Let Av be the fiber at
v of the Ne´ron model of AK over Spec(OK). The identity component A0v of Av is an
extension of an abelian variety Cv by the product of a torus part Tv with a unipotent
part Uv. Let tv, uv and av be the dimensions of Tv, Uv and Cv respectively. It holds that
dim(A0v) = dim(Av) = g and then the dimension formula gives g = (tv+uv)+av. Further,
it is known that εv = tv +2uv , see for example [GR72, p.364]. Our additional assumption
in (ii), that AK is semi-stable, implies that uv = 0 and δv = 0. Therefore we deduce that
fv = εv = tv and this together with tv ≤ tv + uv + av = g leads to fv ≤ g. Then the
displayed formula for NA shows that NA | NgS which proves (ii). This completes the proof
of Lemma 9.8.
We are now ready to prove the results of Section 9.
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9.3.2 Proofs
We continue the notation of the previous section and we assume that K = Q. Let S be
a non-empty open subscheme of Spec(Z), and let NS and g ≥ 1 be as above. We assume
that A is an abelian scheme over S of relative dimension g which is of product GL2-type.
Let hF (A) be the stable Faltings height of A.
The principal ideas of the proof of Theorem 9.2 are as follows. Theorem 8.1 together
with Lemma 9.8 implies directly Conjecture (ES) for A, with an inequality of the form
hF (A) ≤ c(g)N24gS for c(g) a constant depending only on g. However, to obtain the better
bound hF (A) ≤ c(g)N24S and to improve the dependence on g of c(g), we go into the proof
of Theorem 8.1 and we apply therein Lemma 9.8 with the simple “factors” of A.
Proof of Theorem 9.2. 1. By assumption A is isogenous to a product of abelian schemes
over S which are all of GL2-type. Then (9.2) gives that the generic fibers of these abelian
schemes are all of GL2-type as well. It follows that the generic fiber AQ of A is Q-isogenous
to a product of abelian varieties over Q of GL2-type. In other words, the abelian variety
AQ is of product GL2-type and thus satisfies all the assumptions of Theorem 8.1.
2. We now go into the proof of Theorem 8.1 (ii). Therein we showed the existence of
positive integers Ni and ei, together with Q-simple abelian varieties Ai over Q of dimension
gi, such that AQ is Q-isogenous to
∏
Aeii and such that
Ngii = NAi . (9.4)
Here NAi denotes the conductor of Ai. Furthermore, on following the proof of Theorem
8.1 (ii) and on calculating the first term in the upper bound for hF (A) given in (8.11)
more precisely, we obtain the sharper inequality
hF (A) ≤
∑
ei
(
18 · 103N12i + (8g)6 logNi
)
. (9.5)
3. Next, we estimate the numbers Ni in terms of g and S. There exists a surjective
morphism AQ → Ai of abelian varieties over Q, and the abelian variety AQ has good
reduction at all closed points of S since it extends to an abelian scheme over S. Therefore
[ST68, Corollary 2] provides that Ai has good reduction at all closed points of S, and
this shows that the Ne´ron model Ai of Ai over S is an abelian scheme over S. Then an
application of Lemma 9.8 with the abelian scheme Ai over S of conductor NAi gives that
NAi ≤ (2gi+1)6giρiN2giS , where ρi = ρ(S, gi) denotes the number of rational primes p /∈ S
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with p ≤ 2gi + 1. Further, since AQ is isogenous to
∏
Aeii , we obtain
g =
∑
eigi. (9.6)
It follows that gi ≤ g and this leads to ρi ≤ ρ = ρ(S, g). Then the above upper bound for
NAi together with (9.4) proves that Ni ≤ (2g + 1)6ρN2S .
4. We observe that ρ ≤ 2g and (9.6) implies that ∑ ei ≤ g. Therefore, on combining
(9.5) with the above estimate for Ni, we deduce an inequality as claimed by Theorem 9.2.
To simplify the form of the final result, we assumed here that g ≥ 2. In fact, in course of
the proof of Theorem 7.1 we obtained an inequality which directly implies the remaining
case g = 1. This completes the proof of Theorem 9.2.
We recall that ρ = ρ(S, g) denotes the number of rational primes p /∈ S with p ≤ 2g+1.
The proof of Theorem 9.2 gives in addition the following more precise result: If A is an
abelian scheme over S of relative dimension g and if A is of product GL2-type, then
hF (A) ≤ g
(
18 · 103ν120 + (8g)6 log ν0
)
, ν0 = (2g + 1)
6ρN2S . (9.7)
Let s be the number of rational primes which are not in S. It follows that ρ ≤ s <∞ and
then we see that (9.7) is polynomial in terms of g, since s depends only on S. Furthermore,
on looking for example at products of elliptic curves over S, we see that any upper bound
for hF (A) has to be at least linear in terms of g. This shows that the polynomial dependence
on g of (9.7) is already “quite close” to the optimum. On the other hand, Lemma 9.8 implies
that Frey’s height conjecture [Fre89, p.39] would give an upper bound for hF (A) which
is linear in terms of logNS, while (9.7) depends polynomially on NS . We remark that an
(effective) estimate for hF (A) which is linear in terms of logNS would be very useful, since
such an estimate would imply inter alia a (effective) version of the abc-conjecture.
In the following proof of Proposition 9.3, we use the arguments of Theorem 9.2 and
we replace therein Lemma 9.8 (i) by Lemma 9.8 (ii).
Proof of Proposition 9.3. We freely use the notations and definitions of the proof of The-
orem 9.2. In addition, we assume that AQ is semi-stable. Therefore (9.3) implies that Ai
is semi-stable, since there exists a surjective morphism AQ → Ai of abelian varieties over
Q. We showed that Ai extends to an abelian scheme Ai over S. Thus an application of
Lemma 9.8 (ii) with the abelian scheme Ai over S of conductor NAi and relative dimension
gi gives that NAi | NgiS . Hence, the equality Ngii = NAi in (9.4) implies that Ni ≤ NS
and then (9.6) together with the upper bound for hF (A) in (9.5) leads to an inequality as
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claimed. This completes the proof of Proposition 9.3.
To prove Corollary 9.5 we combine Theorem 9.2 with the most recent version of the
Masser-Wu¨stholz results [MW93, MW95], due to Gaudron-Re´mond [GR12].
Proof of Corollary 9.5. We suppose that A and B are isogenous abelian schemes over S
of relative dimension g. Let AQ and BQ be the generic fibers of A and B respectively. By
assumption A or B is of product GL2-type. Thus both are of product GL2-type.
To show (i) we observe that the constant κ(AQ) in [GR12] depends only on g and
hF (A). Let κ be the constant which one obtains by replacing the number hF (A) with
(3g)144gN24S in the definition of κ(AQ); notice that κ depends only on NS and g. An
application of Theorem 9.2 with A shows that κ(AQ) ≤ κ. The abelian varieties AQ and
BQ are Q-isogenous. Therefore [GR12, The´ore`me 1.4] gives Q-isogenies ϕQ : AQ → BQ
and ψQ : BQ → AQ of degree at most κ(AQ) ≤ κ. As in the proof of (9.1) we see that ϕQ
and ψQ extend to S-group scheme morphisms ϕ : A → B and ψ : B → A respectively.
Furthermore, it follows from [BLR90, p.180] that ϕ and ψ are isogenies since A and B are
in particular semi-abelian schemes over S. Hence we conclude (i).
It remains to prove (ii). We showed in (i) that there is a Q-isogeny ϕQ : AQ →
BQ with deg(ϕQ) ≤ κ, and (4.1) gives that |h(AQ) − h(BQ)| ≤ 12 log deg(ϕQ) for h the
relative Faltings height. Hence we deduce a version of (ii) involving h. To prove the version
involving hF we use [GR72]. It provides a number field L such that AL and BL are
semi-stable, and thus hF (A) = h(AL) and hF (B) = h(BL). If ϕL : AL → BL is the
base change of ϕQ, then (4.1) gives that |h(AL) − h(BL)| ≤ 12 log deg(ϕL). Therefore
deg(ϕL) = deg(ϕQ) ≤ κ leads to (ii). This completes the proof of Corollary 9.5.
We refer to the introduction for an outline of the following proof of Theorem 9.6.
Proof of Theorem 9.6. We recall that MGL2,g(S) denotes the set of isomorphism classes of
abelian schemes over S of relative dimension g which are of product GL2-type. To bound
|MGL2,g(S)| we may and do assume that MGL2,g(S) is not empty.
1. We denote by MGL2,g(S)Q the set of Q-isomorphism classes of abelian varieties over
Q of dimension g which extend to an abelian scheme over S and which are of product
GL2-type. Base change from S to Q induces a canonical bijection
MGL2,g(S)
∼=MGL2,g(S)Q.
To verify this statement we observe that MGL2,g(S) coincides with the set of S-scheme
isomorphism classes generated by abelian schemes over S of relative dimension g which
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are of product GL2-type. Further, it follows from (9.2) that the generic fiber AQ of any
[A] ∈ MGL2,g(S) is of product GL2-type. Thus base change from S to Q induces a map
MGL2,g(S) → MGL2,g(S)Q, which is surjective by (9.2) and [BLR90, p.180]. The abelian
scheme A is the Ne´ron model of AQ over S and then the Ne´ron mapping property shows
that MGL2,g(S)→MGL2,g(S)Q is injective. We conclude that MGL2,g(S) ∼=MGL2,g(S)Q.
2. Next, we estimate the number of distinct Q-isogeny classes of abelian varieties over
Q generated by MGL2,g(S)Q. Let [A] ∈ MGL2,g(S)Q. In the proof of Theorem 8.1 we
constructed positive integers Ni and ei, together with Q-simple abelian varieties Ai over
Q of dimension gi and of conductor NAi = N
gi
i , such that A is Q-isogenous to
∏
Aeii and
such that Ai is a Q-quotient of J1(Ni). Here J1(N) denotes the usual modular Jacobian of
level N ∈ Z≥1 defined in Section 5.3. The abelian variety A extends to an abelian scheme
over S, since [A] ∈ MGL2,g(S)Q. Thus each Ai extends to an abelian scheme over S and
then the arguments of the proof of Lemma 9.8 together with gi ≤ g lead to NAi | νgi for
ν = N2S
∏
pcp , cp = 6 + 2⌊log(2g)/ log p⌋.
Here the product is taken over all rational primes p /∈ S with p ≤ 2g + 1, and for any
real number x we write ⌊x⌋ for the largest integer at most x. We warn the reader that
the displayed number ν is related to the number appearing in Lemma 9.8 (i), but these
numbers are not necessarily the same. It follows that Ni | ν since Ngii = NAi , and this
implies that J1(Ni) is a Q-quotient of J1(ν). On using that Ai is a Q-quotient of J1(Ni),
we then see that there exists a surjective morphism of abelian varieties over Q
J1(ν)→ Ai.
Hence Poincare’s reducibility theorem shows that each Ai is Q-isogenous to a Q-simple
“factor” of J1(ν). Furthermore, the dimension of J1(ν) coincides with the genus gν of the
modular curve X1(ν) = X(Γ1(ν)) defined in Section 5.3, and the abelian variety J1(ν)
(resp. A) has at most gν (resp. g) Q-simple “factors” up to Q-isogenies. Therefore there
exists a set of at most g·ggν distinct abelian varieties over Q such that any [A] ∈MGL2,g(S)Q
is Q-isogenous to some abelian variety in this set. In other words, the abelian varieties in
MGL2,g(S)Q generate at most g · ggν distinct Q-isogeny classes of abelian varieties over Q.
3. To bound the size of each Q-isogeny class we take an arbitrary [A] ∈ MGL2,g(S)Q.
We denote by C the set of Q-isomorphism classes of abelian varieties over Q which are
Q-isogenous to A. Let κ be the constant which appears in the proof of Corollary 9.5. If
[B] ∈ C then the proof of Corollary 9.5 provides a Q-isogeny ϕ : A→ B of degree at most
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κ. Furthermore, the quotient of A by the kernel of ϕ is an abelian variety over Q which
is Q-isomorphic to B. On combining the above observations, we see that |C| is bounded
from above by the number of subgroups of At of order at most κ, where At is the group
of torsion points of A. It holds that At ∼= (Q/Z)2g, and [MW93, Lemma 6.1] gives that
(Q/Z)2g has at most κ2g subgroups of order at most κ. Hence we deduce that |C| ≤ κ2g.
4. The results obtained in 1.-3. imply that |MGL2,g(S)| ≤ g(gνκ2)g, and (5.10) together
with [DS05, p.107] proves that gν ≤ 124ν2. Therefore the definitions of κ and ν lead to an
upper bound for |MGL2,g(S)| as claimed in Theorem 9.6.
The arguments used in the proof of Theorem 9.6 give in addition Corollary 9.7.
Proof of Corollary 9.7. We observe that part 3. of the proof of Theorem 9.6 implies (i),
and we notice that (ii) follows from part 2. of the proof of Theorem 9.6.
We now prove Proposition 9.1. In the first part of the proof we show that Conjecture
(ES) implies Conjecture (ES)∗, and in the second part we use the effective version of the
Kodaira construction due to Re´mond [Re´m99].
Proof of Proposition 9.1. We recall some notation. Let K be a number field of degree
d = [K : Q], with ring of integers OK . We denote by DK the absolute value of the
discriminant of K over Q. Let hF be the stable Faltings height and let T be a finite set
of places of K. We write NT =
∏
Nv with the product taken over all finite places v ∈ T .
Let X be a smooth, projective and geometrically connected curve over K of genus g ≥ 1.
1. To prove that Conjecture (ES) implies (ES)∗ we assume that Conjecture (ES)
holds. In addition, we suppose that the Jacobian JK = Pic
0(X) of X has good reduction
outside T . The Weil restriction AQ = ResK/Q(JK) of JK is an abelian variety over Q
of dimension n = dg, which is geometrically isomorphic to
∏
JσK . Here the product is
taken over all embeddings σ from K into an algebraic closure of K, and JσK is the base
change of JK with respect to σ. The Galois invariance hF (JK) = hF (J
σ
K) implies that
hF (AQ) = dhF (JK). Let S be the open subscheme of Spec(Z) formed by the generic point
together with the closed points where AQ has good reduction. The Ne´ron model A of AQ
over S is an abelian scheme. Therefore an application of Conjecture (ES) with A, S and
n gives an effective constant c, depending only on S and n, such that
dhF (JK) = hF (AQ) ≤ c. (9.8)
We write D = {DK , d, g,NT } and we now construct an effective constant c′, depending
only on D, such that c ≤ c′. The finite places in T form a closed subset of Spec(OK), whose
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complement S′ has the structure of an open subscheme of Spec(OK). The Ne´ron model J of
JK over S
′ is an abelian scheme, since JK has good reduction outside T . We denote by NJ
and NA the conductors of JK and AQ respectively. A result of Milne [Mil72, Proposition
1] gives that NA = NJD
2g
K , and an application of Lemma 9.8 (i) with the abelian scheme
J over S′ of relative dimension g implies that NJ ≤ ΩD−2gK for Ω = (3g)12g
2d(NTDK)
2g.
We deduce that NA ≤ Ω and this leads to
NS ≤ Ω,
since NS divides NA by the construction of S. Here for any open subscheme U of Spec(Z)
we write NU =
∏
p with the product taken over all rational primes p /∈ U . It follows that
S ∈ U for U the set of open subschemes U of Spec(Z) with NU ≤ Ω. An application of
Conjecture (ES) with U ∈ U and n gives an effective constant cU ≥ 1, depending only on
U and n. We define c′ = max cU with the maximum taken over all U ∈ U . If D is given,
then the set U can be determined effectively. Thus we see that c′ is an effective constant,
depending only on D. On using that S ∈ U , we obtain that c ≤ c′ and then (9.8) gives
hF (JK) ≤ c′.
In other words, we proved that Conjecture (ES) would give an effective constant c′,
depending only on D, with the following property: If JK has good reduction outside T ,
then hF (JK) ≤ c′. Further, if X has good reduction at a finite place v of K, then JK has
good reduction at v. Therefore we conclude that Conjecture (ES) implies (ES)∗.
2. It follows from part 1. that Conjecture (ES) implies (ES)∗. Furthermore, [Re´m99]
gives that Conjecture (ES)∗ implies that the set of rational points of X can be determined
effectively if g ≥ 2. This completes the proof of Proposition 9.1.
We remark that the above proof of Proposition 9.1 assumes the validity of Conjecture
(ES) in quite general situations. In particular, it is a priori not possible to use the above
arguments in order to deduce special cases of the effective Mordell conjecture from special
cases of Conjecture (ES) such as for example Theorem 9.2. To “transfer” special cases
between these conjectures, an effective version of Parsˇin’s construction [Par68] would be
more useful than Kodaira’s construction which is used in the proof of Proposition 9.1.
We mention that the implication (ES)∗ ⇒ (ES) remains an interesting open problem,
which is non-trivial since (ES) is a priori considerably stronger than (ES)∗. To discuss
parts of the additional information contained in Conjecture (ES), we consider an arbitrary
hyperelliptic curve X of genus g ≥ 2 over a number field K. Let T be the set of finite places
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of K where Pic0(X) has bad reduction. Suppose that v is a finite place of K where X
has bad reduction but Pic0(X) has good reduction; the minimal regular model of X over
Spec(Ov) is then automatically semi-stable for Ov the local ring at v. Then on combining
the arguments of [vK13, Proposition 5.1 (i)] with part 1. of the proof of Proposition 9.1,
we see that already very special cases of Conjecture (ES) would give an effective estimate
for Nv in terms of K, g and T . We note that Levin [Lev12] proved that such an effective
estimate for Nv would solve the following classical problem: Give an effective version of
Siegel’s theorem for arbitrary hyperelliptic curves of genus g ≥ 2 defined over a number
field K. In fact the latter problem is already open for g = 2 and K = Q.
We also point out that one can improve our inequalities for abelian varieties with
“real multiplications”: Let A be an abelian variety over Q of positive dimension g, with
End(A) ⊗Z Q a totally real number field of degree g over Q. Serre showed in [Ser87,
The´ore`me 5] that Serre’s modularity conjecture (see Section 8.2.1) gives that A is a Q-
quotient of J0(N), where J0(N) is defined in Section 5.2 andN is the positive integer whose
g-th power equals the conductor of A. Then, on combining the bounds for hF (J0(N)) in
Lemma 5.2 with the arguments of Theorem 8.1 and Theorem 9.2, we see that these results
hold with better inequalities for abelian varieties such as A.
9.4 Effective Shafarevich for Q-virtual abelian varieties of GL2-type
In this section, we show that our method allows in addition to deal with certain more
general abelian varieties over arbitrary number fields. This generalization is required for
the effective study (see [vKK]) of those S-points on Y which correspond to abelian schemes
that are not necessarily defined over S. Here S is a non-empty open subscheme of Spec(Z)
and Y is a certain coarse moduli scheme over S (e.g. Hilbert modular variety).
Following Wu [Wu11], we now define Q-virtual abelian varieties of GL2-type. They
generalize in particular the Q-Hilbert-Blumenthal abelian varieties of Ribet [Rib94]. Let
Q¯ be an algebraic closure of Q. Write GQ = Gal(Q¯/Q) for the absolute Galois group of Q.
Let g ≥ 1 be an integer and let A be an abelian variety over Q¯ of dimension g. We assume
that there is a number field F of degree [F : Q] = g together with an embedding
F →֒ End0(A) = End(A)⊗Z Q. (9.9)
For any σ ∈ GQ and for any ϕ ∈ End0(A), we denote by Aσ and ϕσ ∈ End0(Aσ) the by
σ : Q¯→ Q¯ induced base changes of A and ϕ respectively. In addition we assume that for
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any σ ∈ GQ there exists an isogeny µσ : Aσ → A such that
µσ ◦ ϕσ = ϕ ◦ µσ for all ϕ ∈ End0(A). (9.10)
For any abelian variety A over Q¯ of dimension g, we say that A is aQ-virtual abelian variety
of GL2-type if A satisfies (9.9) and (9.10) and we say that A is non-CM if End
0(A) contains
no commutative Q-algebra of degree 2g. For instance, if E is a non-CM elliptic curve over
Q¯ which is isogenous to all its GQ-conjugates E
σ, then E satisfies (9.9) and (9.10). Such
elliptic curves E were studied for example by Ribet [Rib92] and Elkies [CLQR04].
Let K ⊂ Q¯ be a number field of degree d = [K : Q], with ring of integers OK . We
denote by DK the absolute value of the discriminant of K over Q. Let S be a non-empty
open subscheme of Spec(OK). We write NS =
∏
Nv with the product taken over all
v ∈ Spec(OK) − S. For any abelian scheme A over S, let hF (A) be the stable Faltings
height of A defined in Section 2. We denote by rad(m) the radical of any m ∈ Z≥1.
Proposition 9.9. There exists an effective constant c, depending only on d and g, with
the following property. Let A be an abelian scheme over S of relative dimension g. If AQ¯
is a simple Q-virtual abelian variety of GL2-type which is non-CM, then
hF (A) ≤ c · rad(NSDK)24.
In the proof of Proposition 9.9, we use a result of Wu [Wu11] to reduce the problem
to abelian varieties over Q of GL2-type. Then we combine the techniques of the previous
sections with a result of Silverberg [Sil92] to deduce the statement.
Proof of Proposition 9.9. Let A be an abelian scheme over S of relative dimension g. We
suppose that AQ¯ is a simple Q-virtual abelian variety of GL2-type which is non-CM.
1. Let L be a finite field extension of K with the following three properties:
(a) L/Q is a Galois extension of degree l = [L : Q],
(b) all endomorphisms of AQ¯ are defined over L,
(c) and for all σ ∈ GQ the isogenies µσ : AσQ¯ → AQ¯ in (9.10) are defined over L.
We denote by CQ = ResL/Q(AL) the Weil restriction of AL. The proof of [Wu11, Theorem
2.1.13] shows in addition that CQ has a Q-quotient BQ which is of GL2-type.
2. We now show that AL is L-isogenous to some abelian subvariety of BL. The abelian
variety CL is L-isomorphic to
∏
AσL with the product taken over all σ ∈ Gal(L/Q),
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where AσL denotes the base change of AL with respect to σ : L → L. Thus on using
that BQ is a Q-quotient of CQ, we obtain a surjective morphism
∏
AσL
∼= CL → BL of
abelian varieties over L. Further, our assumptions on AQ¯ imply that each A
σ
L is L-simple.
Therefore Poincare´’s reducibility theorem shows that there exists σ ∈ Gal(L/Q) such that
AσL is L-isogenous to some abelian subvariety A
′
L of BL. The abelian varieties AL and
AσL are L-isogenous, since AQ¯ is a Q-virtual abelian variety with isogenies µσ : A
σ
Q¯
→ AQ¯
defined over L by (c). Hence AL is L-isogenous to the abelian subvariety A
′
L of BL.
3. We begin to estimate the stable Faltings height hF . Let NAL and NC be the conduc-
tors of AL and CQ respectively. Milne [Mil72, Proposition 1] gives that NC = NALD
2g
L for
DL the absolute value of the discriminant of L over Q. Hence, if a rational prime number
p does not divide NS′ = rad(NALDL), then CQ has good reduction at p. This shows that
CQ extends to an abelian scheme C over S
′ = Spec(Z[1/NS′ ]) and thus the Q-quotient
BQ of CQ extends to an abelian scheme B over S
′. Therefore an application of Theorem
9.2 with the abelian scheme B over S′ of GL2-type gives that hF (B) ≤ (3n)144nN24S′ for n
the relative dimension of B which satisfies n ≤ dim(CQ) = lg. Then on using that AL is
L-isogenous to the abelian subvariety A′L of BL, we see that the arguments of Theorem
8.1 (ii) lead to hF (A) ≤ c′N24S′ for c′ an effective constant depending only on l and g.
4. It remains to control the quantities NS′ and l. We observe that NS′ = rad(NALDL)
divides rad(NSDL) since A is an abelian scheme over S. To estimate l and rad(DL) we
use [Sil92, Theorem 4.2]. It implies the existence of a field extension L of K, with the
properties (a), (b) and (c), such that rad(DL) | rad(NSDK) and such that l = [L : Q] is
effectively bounded in terms of d and g. It follows that NS′ | rad(NSDK) and then the
inequality hF (A) ≤ c′N24S′ from 3. implies Proposition 9.9.
On computing explicitly the constant c of Proposition 9.9, one sees that c depends
double exponentially on d and g. However, in certain cases of interest it is possible to
obtain that c depends exponentially on d and g. Further, we mention that one can use the
arguments of the proof of Theorem 8.1 to remove in Proposition 9.9 the assumption that
AQ¯ is simple. In fact one can generalize all results of Section 9.2 (except Proposition 9.3)
by replacing Theorem 9.2 with Proposition 9.9 in the proofs of the previous section.
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